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SOME INEQUALITIES FOR POLYNOMIAL FUNCTIONS

ABSRACT
In this work, we first show that the inequality, established

in the unit disc for maximum modulus of polynomial functions [12], also
holds for any disc of radius R <w. In the case where polynomials have
z=0 as a multiple root, and also for the wunivalent polynomial
functions f:C—>Cuwith f(0)=0, f(a)= al, f (-a)= -a%, we  obtain
different forms of this inequality. Then we attain quite distinct new

inequalities for univalent polynomial functions in both the unit disc

and disc of an arbitrary radius R <.
Keywords: Mathematicle Analysis, Polynomial Functions,
Univalent Function With Three Preassigned Values,
Maximum Modulus Values, Inequalities.

POLINOM FONKSIYONLAR ICIN BAZI ESITSIZLIKLER

OZET

Bu calismada, o6nce [12] de birim diskte polinomlarin maksimum
modiilleri icin ispatlanan esitsizligin, herhangi bir R < o yaricapli
disk icin de gecerli oldugu gdsterildi. Z=0 noktas1i polinomlarin
katli kokit olmasi durumunda ve f(0)=0, f(a)::aq, f(—a)::—aq olan
f:C—>C dnivalent polinomlar ig¢in, bu esitsizligin farkli formlari

elde edilmistir. Ayrica ,uUnivalent polinom fonksiyonlar ic¢in bu
esitsizliklerden tamamen farkli vyeni esitsizlikler hem birim diskte

hem de herhangi bir R <w yaricapli bir diskte elde edilmistir.
Anahtar Kelimeler: Matematiksel Analiz, Polinom Fonksiyonlar,
On Goriilen Uc Degeri Alan Univalent
Fonksiyonlar, Maksimum Modil Degerler,
Esitsizlikler



Celik, A. MR

NWSA- Physical Sciences, 3A0064, (2), 32-47.

1. INTRODUCTION (GIRIS)
Let f:C > Cpbe a polynomial function with complex variable and

let Mf :r‘r}a(|f(z)| Ostrowski [12], Rassias [13], Mohr [11] and Celik [6]

investigated inequalities in the unit disc between Mfl-fZ"'fn and
|V|f1.|\/|f2...|\/| . (N>2)for complex polynomial functions. The same problem

is investigated in the disc of radius R >1 and also on two hyperbolic
region by Celik [3 and 5], respectively. Rassias [13] proved the
following theorem:

Theorem R.Let be fl, fz,..., fn :C->C (n>=2) complex-valued

polynomial functions of degrees dl,dz,...,d respectively, of a complex

n
variable Z.

Define |\/|f :r‘rl?>1<|f(z)| Then
z|=

M M .M >2M,, 2k M M, ..M (1)
where
k =(Sin EL)“l . (Sin Ei)dz .._(Sinzi)dn

n 8d, n 8d, n8d,

A function that is one to one and analytic in a region AcCis
called a univalent function inA [2, 4 and 8].

The set of univalent functions with f(0)=0, f(a)=a, f(-a)=-a
is denoted by T(d)in Avci and Zlotkiewicz [2] , and they called
attantion to the class, f(z)=z+p(a’z®-z"), (2a°+4)p<1l.

Now let the region ACC be the unit disc or any disc with

radius R<w. et A= AUOA where OA stands for the boundary of A.
Let us denote by UTP(a) the set of univalent polynomial functions with

f:C—>C
f(0)=0, f(a)=a", f(-a)=-a",where a,—a€ A and qeN.
In UTP(a),we have the following set for polynomial functions of

degre 4m and (=135,..,4m-1:
The set of those functions of the form

f(z)=2"+> p (z* -a*z*) (p, €C,p, =1) is denoted by UT,,P(a).
k=1

And, similar sets are denoted by UTSf‘lP(a),UTlf;P(a),UTfOP(a),
respectively.
Throughout our work we use the usual topology on C. Also 1)if

A the unit disc, we take |\/|f :r‘n?>1<|f(z)|. 2) if Ais any disc with
7=
radius R <o we define M; :r‘n‘ax|f(z)|. In our work we will deal with
z|=R

the set UT;ZP(aq).
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2. RESEARCH SIGNIFICANSE (CALISMANIN ONEMI)
Letf,QZC-—)C: be two polynomial fonctions with a complex

variable Z. In the unit disc, we define hﬂf =IP?¥|f(ZN and
zZl=

and

f.g

Mg:r‘nfol(|g(z)|. In [6, 11, 12, and 13] inequalities between M
Z|=

|Wf.hﬂg are showen. Here, fixed points and their powers were not
considered in any of the coefficients of the inequalities. In this
work, we show that the inequality, etablished in the unit disc [12],
also holds for any disc of radius R. Also,let A be a disc of a

arbitrary radius R<w, for UT,,P(d) we define M} =Iﬂa§|f(zﬂ and
: e

hﬂé =IFFX|Q(ZN. Then we attain new inequalities between hﬂ;g and
z|=R .
M:.M!
My .
In those inequalities fixed points,and their powers,of the
polynomials

functions are considered.

3. ANALYTICAL STUDY (ANALITiK CALISMA)

Our work is Dbaded on pure mathematics. Therefore, we deduce
relations (fomulas) and equations (analytical relations) by means of
theoritical methods, which are prof techniques. As usual, these
methods are carried in terms of hypotheses-conclusions.

4. MAIN RESULTS ON THEOREM R (THEOREM R iCiN SONUCLAR)
In this section we derive some consequences of Theorem R.

In Rassias [12], for a polynomial function f:C—>C of degree
dwritten in the form f(Z)=:(Z-—Zl)(2——22)_(2—-2d) and letting

|\/|f :r‘n?>1(|f(z),it is proved that “ for each >0 and N>0, we have
Z|=:

for most € that

d
‘f(e‘e)‘ = ‘e“’ —~ zlue“’ —~ zz‘...‘e”’ -1, ‘ >M, .(sin %8(1%]

or

‘e“g—Zl‘-‘eie‘ZZ"“‘em_zd‘>[- 2_7 ]d
e R R TR

”

Lemma 1l.let each £&>0 and N>0, for most@, O <R< © and
la,]<R (k=12,.,d). Then

‘Re‘g—aluRe”’—az‘...‘Re”’—ad‘>[_ 2 T
IR+[a,[|R+[a,[.|R+[a,|

holds if and only if

H8d+g
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‘e'g zlue”’ — 22‘...‘e"9 — zd‘ [ _ T
L+|z,[f+|z,] 1 +|zy] L n8d+e

(3)
where hk|Sl (k=12,.,d).
Proof. Assume that (2) holds. Then we have
ei&_ﬁeie_aiz eie_ai
R . R R >[Sing g :ld
la,| a,| la,]) L n8d+e
1+— || 1+—|.|1+—
R R R
(4)
Let wus take %%ﬁzzk(k==L2“”d)in (4); this vyields (3) since
Pk|§1 (k==L2“qd). Conversely, assume that (3) is true. Then
Re"—Rz,||Re”~Rz,|.|Re~Rzy| [ 2 7 7
IR+R|z,[|R+Rlz,|..|JR+Rlz, _[I n 8d +g} o

holds, where O0<R<w. Take Rz, =a, (k=12,.,d)in(5); this implies (2)
since [a|<R (k=12..,d).

From now on A will be any disc with radius R<w, N>=2, and

polynomial functions ﬁ,fzp",fn:c-—>C: will be considered.

Theorem 1.Let dpdzpu,dn be the degrees of polynomial functions

n,fzv",fnrespectively. Then

M 'fl_fz_"fn >k .M ’fl.M'fz...M ’fn (6)
where

: . 27 .27 .27 -

k=(Sin=—-)% . (Sin=——)%_.(Sin=—)" (or k=Kk).

n 8d, n8d, n8d,

Proof. It suffices to consider Lemma 1 and Theorem R.

Lemma 2.Let each £€>0 and N>0, for mostld, 0<R<xo and |ak|sR
(k=212,..,d-r).
Then

i0 i0 i0
‘Re —alHRe —az‘...‘Re -a,,

d-r
> |:Sin g#}
IR +[a,[|R +[a,[..|R+[a,_,| ngd-r)+e

holds if and only if

i i i
e — 2 fe - 2,].le" -2,

|: ) ju j|d—r
>lsin = ——"——
‘1+|21|H1+|22”...‘1+|zd7r| ng(d-r)+e
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where

z,]<1 (k=12,..,d-r).

Proof. It suffices to replace d by d-r in Lemma 1.

Theorem 2.Let dl,dz,...,dn be the degrees of polynomial functions
ﬁ,fzpn,fn,respectively, which have the =zero point as the multiple

roots r,r,.,r,. Then

M ’fl_fZ_"fn >k, . M 'fl.M 'fz...M ’f (7)
where
K = (Sin2— "y (sin2_ " yhn (sinZ_ Ty
n8(d, -r n8(d,-r,) n8(d, —r,

Proof. Given that R<w and |ak| <R (k=212,..,d-r), by

hypothesis, each polynomial function f:C—>C can be written in this
from

fj(z)::rj(z——aiy(z——aZ)“(z—-amfn). For these functions we have

M/ = M%\fj (2) <R".(R+a,)).(R+[a,])...(R +\adj,,j )

and

|f;(Re'”)|=R".

i

Re'’—a,||Re"’~ az‘...‘Re”’— a,

From these two expessions we can write

£ (Re") ‘Reig— al‘.‘Re”’—az‘...‘Reig—adj_

Tj

M, o [RefaffR+ [

R+‘adj_rj

(j=12...n)

Then we apply Lemma 2 and Theorem R.

Corollary 1l.Let n,fzv",fj,j <N Dbe polynomial functions of

degrees dl,dzpu,dj, respectively, which accept the =zero point as
multiple roots Q,Q,_qrj, respectively; let fhi,fth“,fn, in number
n—-j, be polynomial functions of degrees djﬂ,dj+2p“,dn which don’t
have the zero point as multiple roots. Then
4 ! 4 14 14 14
MY ot fynt, = Ko - M MG L ME M LM (8)
where
.2 T _ . 2 T _ . 2 V4 dior.
k, = (SinS—"— )% (SinE—" )% _(Sins " )%
n8(d, —r n8(d,—r,) ng(d,-r
17 2 2 i i
.2 T 4 .2 7T 4 .2
.(Sin= )9 (Sin= )42 (Sin=——)%
neéd,, néd,,, n8d,
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----------

Proof. Putting F(z)= f (2).f,(2)...f,(2) =

dl*ﬁ dj+1

dj-r d,
o Te-a,).2" [Te-a) 1] @-a,0-[TC-a,)
k =1 kj=1 1 k,=1
14

k

jH=
we find respectively,

di-n dj-r;
ig N4+ +r; ig ie
‘F(Re )‘:R1 ] HRe —akl‘...| ”Re —akj‘.
k=1 k=1 K

CIj+1

dy
i i
‘Re —akm‘...! HRe -3
1 a=1

jH=
and

Mi = M9§<|F(z)| <

d-n dj-r dja dy
R PE e i i io i0
R ’| HRe +ak1‘...| ”Re +a “ | ‘Re +akm‘...| HRe +ay,
k=1 kj=1 Ki1=1 k,=1

jH1=

4

and then Lemma 1 and Proof of Theorem 2 are used

Theorem 3.Let 4m;,4m,,...4m

functions

ﬂ,fzpn,fnelJTSZP(a), respectively and let

n be the degrees of polynomial

f,(¥a)=Fa*, f,(Fa)=Fa%*,., f,(¥a)=Fa"™ .Then
(i)if Min(q,,q,,...,d,) =3, then

Mt .« 2k . M .MM E (9)
where
k,=(Sin2— " _ym2(sind__T___ym2 (ginZ T __yum-z
n 8(4m, - 2) n 8(4m, —2) n 8(4m, - 2)

(ii)if g, =1(i=12,.,n) (0,—a,aare fixed points)
or

Min(g,, g - 0,) =1,
then

Mt 2k, . MM .. MT (10)
where

k=(SinZ T ymi(sin? Ty gpd Ty

n8(4m, —-1) n8(4m, -1 n8(4m, -1)

Proof. (i)By Hypothesis, knowing the form of ﬂ(Z), we can write
each ﬁ(Z) under the form

4m;-2 _ 2mi—2)

fi(2)=2" Iqi_2 +p (28 —a)+ p,(2° —a'2?) +..+ (2 a?™ .z

For each ﬂ(Z),Z::O is a second degree zero. To conclude, just take
di::4ny and [ =2 (i==L2v“,n)in Formula (7)in Theorem 2. (ii) By

Hypothesis, each ﬂ(Z) can be written in the form
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4m-1

a’™ .z

2m;-1
m ) . For each

f.(2) =z Iqi‘l +p,(28-a’)+p, (2" —a'. ) +..+(z ]
ﬂ(Z),Z=:O is a simple zero. Again to conclude, just set di::4mi,

Il =1 (i==L2“",n)in Formula (7)in Theorem 2.

Corollary 2.If for the first j <N fonctions fl,fz,...,fj ,

Min(ql,qz,...,qn)ZB and for the remaining n—j functions fj+1,fj+2,..., fn,

q; =1
(i=12,..,n) or Min(q,,q,,....q,)=1,
then
M’fllf?“fj'fwnfn >k, . M }1.M’f2...M§J .M’fm...M }n (11)
where
k= (Sin 2T _yimz (ginZ__T__yimz (gjpZ__T__yim2
n 8(4m, - 2) n 8(4m, - 2) n8(4m; —2)
SinZ T ymet (gin2 T __yimat (gipZ__ T __ymo
n8(4m;, -1 n8(4m;,, -1 n8(4m, -1

5. NEW MAXIMUM MODULUS INEQUALITIES IN UT,)P(a)

(UT242P(a) i¢inDE YENI MAKSIMUM MODUL ESITSIZLIKLERI )
In this section we produce new maximum modulus inequalities

independently from Section 2. LetﬂQZZ,IﬂlJﬂzpuJﬂn be positive

integers; let M +M,+..+M, =p, and M +M,+..+M;=p; for J=n.

1
Let 0<R<w and define the number A by A= Ran
Theorem 4.Let 4m;,4m,,...4m, be the degrees of polynomial
functions
fl, f2,..., fn IS UT;ZP(a) respectively, with fi (a) = a%, fi(—a) =-a%and P * 0
(i1=12,...,n).
Then
(i)if Min(9;,Q,,..,d,) =3, then
’ ! !’ !
I\/Ifllleufn > p . I\/Ifl.l\/lfz...M ' (12)
where
ﬂ /1 |a Q02+ 40y,
i I
24pn 2n '
(ii)if g, =1(i=12,..,n) (0,—a,aare fixed points),
then
’ ! ’ !
Mfl.fz...fn 2,32 . Mq-Mfz---M f, (13)
where
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@Sy

n

s
2 = '24pn—n
(iii)if Min(q,,d,,..,q,) =1, then
Ml 1 26, .MM ..M} (14)
where
|a Gtz +.+0y
'83 = /,L 24pn’n
Proof. (i) EachfielJTZZP(a) (i=12,...,n) can be written as
f.(z) =z°. Iqi‘2 +p (22 —a)+ p,(2° —atz?) +..+ (2P —at™ P )
The polynomial in [ ] is of degree 4ny-—2. Thus given
|ak| <R, (k =1,2,...,4mi —2) , for every Z,q, € C we have |z—ak| s|z|+|ak , and
in view of this inequality we get
2
1f:(2)| =7 jz-ay]z- a2|...‘z —~ a4mi72‘
2
<l .(|z|+|a1|).(|z|+|a2|)...(|z|+‘a4mi,2‘)
<R* (R+[a,)).(R+|a,])...(R +[a,n )
<R?.(2R).(2R)...(2R) = R?.(2R)*™?
Now
M| = Magq f.(z) <R%.(2R)"™? (i=12,.,n),
i 7|=
and hence we obtain
on 1
M{ M ..M{ <R (2R)H MM ) _ (2) % 2".2 : (15)
On the other hand, let A=+lor A=-1. Then by hypothesis
f,(¥a).f,(¥a)..f, (¥a) = A% %"
From the maximum modulus principle it follow that
G +0z+..+0p
M, ~MaX| ()£, (@), (2] 2 (16)
Then (15) and (16) allow to write (17)
' |a G0z +..+0y
: fl.’fz...fn > (17)
M, M{..M{  oapo2n 1
1 n B
A
If we rearrange (17) we find (12) . (ii) By Hypothesis,

EachfiElJTZZP(a) (i::LZP_,n) can be writen in the form

4m-1 2mi—1)

fi(z)=z IQi_l +p,(28-a’)+p, (2" —a'. ) +..+(z a?™ z

Then where |ak| <R, (k =1,2,...,4mi —1) for every Ze Z we get
| @) <[22]+ 2. (2] +[ac)- (2 + [asn, 2|
<R.(2R).(2R)...(2R) = R.(2R)*™™
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Now

M! = Mgg(|fi(z)| <R%.(2R)"™™" (i=12,.,n),

and so
wl
M{ M ..M{ <R (2R)H MMMt (2) 4P R (18)

Also, in view of the hypothesis, since
f,(¥a).f,(¥a)...f (Fa) = Aa"
we find that
n
M h.r = Mag(| f,(2).f,(2)...f,(2)| > |2 (19)

Now (18) and (19) give the desired result. (iii) By Hypothesis, each
fielJszP(a) (i=12,...,N)can be writen as

f.(z) =z I“i‘l +p,(28-a’)+p, (2" —a* 2+ + (2" @™ .zzmi‘l):.

The expression in [ ] is a polynomial of degree 4ny-—1. Then
successively we obtain
' ’ ’ “A(mg+my+..+m,)-n
M{ ML ..M < R”.(’.R/( LM )

and
G +0z+...+0p

M - Maﬁ f,(2).1,(2)...f,(2) > |a

Corollary 3. Let 4ﬂh,4ﬂb,””4ﬁh be the degrees of polynomial
functions ﬁjfzpn,fnelJTSZP(a) respectively, with'ﬂ(a)==a%, fi(—a)==—aqi

and o, # 0 (i=12,..,n).If for the j <N functions fl, fz,..., fj ,

Min(ql,qz,...,qj) >3 and for the remaining N— j functions fj+1, fj+2,..., fn ,
Min(q;,,,0,550,) =1, then
M,fl-fZ'"fn >p,. |\/|'f1.M'f2...M’fn (20)

where
O +0p++0j+0j 41+ o+ +0y

|a
Bo =2 24P,-2]-(n-1)

Now let’s take

a, = (Sin——2——)*"21 (sin i _yHeoe2en
8(4p; —2J) 8(4(p, — p;) —2(n—j))

o, = (Sin—————)*"") (Sin 7 _yHnRD)
8(4p; - 1) 8(4(p, — p;)—(n—1)))

a, = (Sin————)*"") (Sin 7 OSSR
8(4p; —-2J) 8(4(p, — p;)—(n—1j))
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Theorem 5. Given a#+bh,Let 4m1,4n12,...,4mj be the degrees of |

polynomial functions ﬂ,fzp_,fjelJTSZP(a)with f(a)=a", f,(-a)=-a"
and

py#20 (1=12,.]),and let 4m;,,4m,,,..,4M  be the degrees of N-— ]

fiomn e UT,,P(b) witn f;(b)=b", f (~b)=—b"
and p, #0 (i=]j+1j+2,..Nn). Then

(i)if Min(q,,q,,...,0,) =3, then

fotputy fiant, = Ps0g - MY MELME M LM (21)

polynomial functions ﬂ+v

where

Qjat0jiot+ay

|a G+0z2+..q; |b

b =A.

24pn—2n

(ii)if ¢, =1(i=12,..,n) (0,—a,aare fixed points), then
4 14 14 14 14 14
o fp 1 F e o 2 fsa, . M fl'M f, ..M f, M fm"'M f, (22)

where

5 A
6 — M Sapn

(iii)if Min(q,,q,,...,q,) =1, then
M:‘l.fz...fj.fjﬂ...fn > fr.a, . My M{ .M ;j M ;M---M:‘ (23)

24pn—n

where

|a G tdz+..q; |b|q1'+1+q1’+2+---+qn

B, = A

Proof. (i)By Hypothesis, we have

24pn—n

fl (ia) f2 (ia) fj (ia) — Aaq1+q2+...+qj and
($b) fj+2 (ib) fn (ib) o Ab Qji1t0jept+0n .
f

Now set B =f.f,..f; ana F, =1, .f,,...f . Then we have

ME =M. ~Max (@), (2)..f,(2) 2 a

fio

0+ +. 44

and

M ',:2 =M ’f g o~ M:ag(‘ fJ'+1(Z)' 1;j+2(z)--- fn (Z)‘ > |b|qj*1+qj+z+---+qn

j+1t it In

and we see that

' o ' ' > Qi +0z+...+q; Qj1t+dji2+-+0py
Mg . Mg =Mt - M o 2 a - bl (24)
On the other hand, we write
’ ’ 4 2 A(mg+my+..4m;)-2]
Mf1'Mf2"'M f, <R J.QR/( 1+ My +..+M;)-2]
and
M’f ,M; |\/|’f < R2"-2i QR‘4(mj+1+mj+2+...+mn)—2(n—j)
j+ j+2 n — . _
From those two inequalities, we obtain
! ! ! 2n A(my+My+..+my)-2n
M f1.M f2...M i, <R*.@R (25)

41



Celik, A. MR
NWSA- Physical Sciences, 3A0064, (2), 32-47. WIS

----------

1

— 24pn—2n -

Now in view of (24) and (25) we find

Oy +0g+..+0, l,)|qj+1+qj+2+...+qn

' ' | !
I\/IFI -M F, 2 4. 24pn—2n M fi.fou fo (26)

If we apply Formula (7) to the polynomial functions F and F,with
n=2, d,-n=4p;-2j and d,—1,=4(p, —p;)—-2(N—]) we set

! ’ ! ’

F1.F2=Mfl.f2...fn 20‘1-MF1-MF2 (27)

Consequently, (21) follows from (26) and (27).
Parts (ii) and (iii) can be shown by similar arguments.

Corollary 4. Given a#7bh,let 4m1,4m2,...,4mj be the degrees of |

polynomial functions n,fzpu,ijlJTZZP(a)with f.(a)=a"%, f,(-a)=-a"
and

p, %0 (i1=12,...,]J),and let 4m., ,4m. 4m  be the degrees of N-—j

j+1 jH20tn n
i Fjagreen fr € UTZ‘fZP(b) with f.(b)=b%, f (-b)=-h"
and Py #0 (i = j+1, j +2,...,n) . Then

(a)if Min(q,,d,,..,9;) =3 and ¢, =1(k=j+1j+2..,n) (0,-aaare

fixed points), then

polynomial functions f

! 14 14 4 14 4 4
Ml i = fy o MMM M MM

jr i+l In N (28)
where
e
Po =2 24Py=2j-(n-])
(b)if Min(q,,d,,...q;) =2 and Min(q;,;,d;,,,0,) =1, then
' ' ’ ’ ' ’ ,
M ity fy by £y 2 Bo Ol Mi .M ..M f M o M i Mt o)
where
2/ |a q1+q2+“'qi l|b|qjéfl"'qhz"'“-"'qn
Pa =4 24p,=2j-(n-1)
(e)if qizzl(i::LZFH'j) (0,—a,aare fixed points),and
Min(qj+1,qj+2,.__,qn) =1, then
' ' ' ' ' ’ ,
Mfl'fszj'fj*l-"'f” 2ﬂlo'crz MfllM f2-“|\/Ifjl'\/lfj+1"\/|fj+2""\A fn (30)

where

|a| J .|b|qj+1+qj+2+“'+qﬂ

/ﬁozzﬂ'

24pn—n
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4.1. Special Case: A Unit Disc Case
(6zel Durum: A Birim Disk Durumu)

1

R*™
integres, M +M,+..+M =P, and 0<R<w. Then A=1if and only if
R=1.

Lemma 3. Let A= where n;zZ,lnlanvann are positive

Proof. It is obvious.

By means of this lemma, we can state immediately the following
theorems and corollaries.

Theorem 6. Let the hypothesis of Theorem 4 be satisfied.Then

(i) if Min(g,,d,,d,) >3, then
Mfl.fz...fn Zﬂf-Mfl-Mfz...Mf

n (31)
where
|a Otz +..+q,
! —
'Bl - 24pn—2n
(ii)if g, =1(i=12,..,n) (0,—a,aare fixed points), then
Mfl.fz...fn Zﬂé'Mfl'Mfz'“an (32)
where
n
4
2 24PN
(iii)if Min(q,,q,,...,0,) =1, then
!
M 2BM M .M (33)
where
|a Oy +0z+..+0,

Bs =

24pn—n

Corollary 5. Let the conditions of Corollary 3 be satisfied.

Then
!
Mo 2BM M .M )
where
|a Gtz ++0j+P+0pitdp ety
! —
'84 - 24Pn*217(ﬂ*i)
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Theorem 7. Let the clauses of Theoerm 5 be satisfied. Then

(i) if Min(q,,0,,..,9,) =3, then
Mt st 2P a, M M¢ ..M M, M, ..M

jrlj+letn

" (35)
where

Qj+1t0js2t+dn

al

G+0z2+..q; |b

Bs =

24pn—2n

(ii)if qi==1(i==L2p_,n) (0,—a,aare fixed points), then

!
M fifpu fjfja i 2 ﬁe-az M f1'M f; M f; M fj+1'M fii2 M fa (36)
where
i ppn-1
L'
6 _
24pn n

(iii)if Min(q,,q,,...,q,) =1, then
Mottt 2B, Mg MM M M .M,

jrlj+letn

" (37)
where

Qjatdjiot+an

a

G +02+..4; |b

B =

24pn—n

Corollary 6.Let the clauses of Corolary 4 be met. Then

(a)if Min(q,,d,,..,9;) 23 and ¢, =1(k=j+1j+2,..,n), then
Mitotitnnt, 2B MM .M M M, ..M

jolj+letn

" (38)
where

El

Gi+dz+..q;j |b| n—j

P =

24p,=2j-(n-})
()if Min(q,,d,,..,q;) =3 and Min(q;,;,q;,5,-0,) =1, then
Mottt = Blay Mg M .M M M .M,

JoljHL

" (39)
where

a

Gy +0z+...qj |t,)|qj+1+q,-+2+...+qn

Bs =

24Pn=2j=(n-J)

(c)if 0;=1(i=12,..,]) (0,-a,aare fixed points), and
Min(q;,,,0;,2,0,) =1, then

!
Mfl.fz....f» figf Zﬂlo-a’gMfl'Mfz---ij-MfM-MfM---Mf

j i+l In

" (40)
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where
i Qjsatdjeot+dy
P
10 — 24pnﬁn
6. RESULTS AND RECOMMENDATIONS (SONUC VE ONERILER)
6.1. For the elements of UT;ZP(a) with a) ,01:0, b) o, =P, =0,..,
C) P =Py =..= 0 =0 (| <M) we can formulate inequalities.

6.2. The maximum modulus of P(Z) on circle |Z|=R (R>1)we have

from [9 and 10]

r‘g‘qgglp(Z)IS R" r‘rz‘la)l(lp(Z)l
h ) (41)

1f p(z) #0in |Z|<1,then from [1 and 10]

|z]=1

R" +1
max| p(2)] < (—— ) max|p(2)|
|7|=R 2 , (R>1) (42)

If we take P(z)=f(2).f,(2)..f.(z) (N=2) in Formulas (41) and (42), we

have
deg(p(z):4pnand we can write a generalization of (41) and (42)

respectively

4 < 4pn
Mi. ¢ <R -Mfi.fz...fn, (R>1) (43)

and

, R* +1
Mfl.fz...fnS(T)'Mfl.fz...fn' (R>1). (44)

Now consider Theorem 4 and Theorem 6 Let |aL=1 and (R>1). Then

a) if Min(q,,0,,..,9,) =3, then

MEMEME 1 My,
M rr, ABE MM, M

(45)
b) if ¢, =1(i=L12,..,n) (0,—a,aare fixed points),then
M{.M{ .M 21 \ s
' - 2"
Mt ¢t p," MM ..M (46)
e) if Min(qy,q;,,...,d,) =1, then
M}l.M;Z...M'fn - 1 My s 1
S—.
M% 1 ABym MM ..My (47)
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1
1f |a|=1in Formulas (45), (46)and(47), then since ,81’=24p—_2n and
=P =
2 3 24pn_n

a) if Min(q,,q,,....0,) =3, then
M 'f1M ;ZM ;n < (ZR)4pn M fi.fp. 1y
Mic. 22 M M .M,

" (48)

b) ifq, =1(i=12,..,n) or Min(q,,q,,..,d,) =1, then
Mi-M5, M @R My,
M;l.fz...fn 2" Mfl'Mfz“'an

. (49)
6.3. Besides, we can denote by NUTP(a) non wunivalent

polynomial functions f:C —> Cwith
f(0)=0 f(a)=a" f(-a)=a"
In NUTP(a)x:ze can writ’e the sets
NUT2‘f2P(a), NUT;‘IP(a), NUTlf‘gP(a) ,NUT4‘f0P(a)
for the polynomial of degree 4m and (Q=24,..,4m-2, and formulate

Maximum Modulus inequalities.

7. DISCUSSIONS (TARTISMALAR)
The coefficients in the inequalities found in Ostrowski [12] ,

Rassias [13], Mohr [11] , Celik [6] and Celik [5] don’t depend on fixed
points of polynomial functions or on the powers of those points. But

when Ais the unit disc in the found inequalities for UT242P(8.) new

coefficients depend on the power of the point |a| Moreover, when Ais

a disc with arbitrary radius R<w , it also depend on A ( naturally on

R ). Thus as the parameters remain invariant except |a| and R, we can

choose |a| and Rin such a way that the coefficients p; (1=1234)

produce results better than the coefficients k (or k) and ki

(1=12345). civen R, the greatest coefficient f; (1=1234)is
obtained when |a|: R, and the smallest Jp, (1=12,34)is found when |a| is
as close as to the origin. As to ,31- ( j = 5,6,...,10) , the greatest is
obtained for |a|= R and |b| =R , on the smallest one when |a| and |b| are

closest to the origin. Consequently, when working in UT,,P(a)which

coefficients are suitable is a matter of taste. Similar interpretation
can be given in case Ais the unit disc.
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