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ON (N,p,q)€,; SUMMABILITY OF THE SEQUENCE {nE, (x)}

ABSTRACT
In this article a generalization of a theorem on the {N,p}ﬂl

summability of derived series proved by Sharma 1is established for

generalized (N,p.q)€; summability of the sequence {nB(x)].

Keywords: Norlund Summability, Generalized (N,p,q) Summability,
Cesaro Summability, Fourier Series, Derived Series

{nB,(x)} DizINiN (N,p,q)C; TOPLANABILIiRLIGI GZERINE

OZET
Bu makalede Sharma tarafindan tiirev serilerinin {N,p}ﬂl

toplanabilirligi izerine ispatlanan teoremin genellestirilmis {N}p,q}ﬂl

toplanabilirligi lzerine bir genellestirilmesi yapilmistair.
Anahtar kelimeler: Norlund toplanabilirligi,
Genellestirilmis No6rlund Toplanabilirligi,

Cesaro toplanabilirligi, Fourier Serileri,
Tirev serileri
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1. INTRODUCTION (GIRIiS)

Various types of criteria, under varying conditions, for the
Norlund summability of the derived Fourier series have been obtained
by Hille and Tamarkin [4], Astrachan [1] and Prasad and Siddigi [9].
Then, Sharma [11l] and Prasad [10] studied about Noérlund summability of
derived series. In 2001, ©Lal and Yadav [5] studied about the

summability of derived series of Fourier series on {:N,p,q}ﬂl
summability. In this article, we generalized Sharma’s [11l] theorem
about derived series of summability on (N.pJ€, as generalized

(N,p.q)€;. The definition and notations which will be used in proof of

the theorem is followed.
Definitions and Notations:

Definition 1. Let E'{#ﬂ be a given infinite series with the

sequence of partial sums EFH} Let ﬁﬁ’ﬂ]‘ be a sequence of real
constants, and let us write

i
Pﬂ_ -zpk j,P_l- Fag ™ &
=R

The sequence-to-sequence transformation

"
1

s =szﬂ-i5¥ (B =0)
R e=0

defines the sequence of Norlund means of the sequence EEH_} generated by
the sequence of coefficient &Jﬂ} The series Eu‘ﬂ is said to be
summable (MN.p) to the sum s, if Um, .. t, ==# [13].

Definition 2. Let E:::II% be a given infinite series with the
sequence of nth partial sums Es‘u}. Let P,4 denote the sequences f_ﬂ“}
and Erfﬂ] with poy = 0,g_q =8, respectively. Given two sequences P and

g, the convolution (F#*g), is defined by

Rﬁ={P*Q}ﬂ=zpﬂ—kf{k=z?kqﬂ-k- (1)
k=2 k=0

When (p* )y, ®@ for all n, for any sequence {sg} we write

ﬂpq:LZFﬁ—quFk' (2)
k=0
If BT =5 as m—= @, we write Zmegly = FINq) or {5, = s(N.p.q)
[2].
Definition 3. We write (L,1) means of E;;Il-ﬁn series or sequence
EE‘.H} as follows:
o _Ststst+ets,
" n+l
If Gy = F as MW= @, we write Gmsg@y = F(C, L) or {5, f—= s{C, 1} [3].

(3)

118



e-Journal of New World Sciences Academy ;99: N
Physical Sciences, 3A0015, 4, (4), 117-123. e\ }
Karakus, F. ve Yildirim, M. e

Definition 4. The (N,p.q) transform of the (L,1) transform C
defines the (N,p,qJ€y; transform of the partial sum fs,} of the
seriesE;L._-,crw . Thus, if

a
1 1
Pl
= 2 Fa—xby @ (4)
tﬂ {F*@ﬂkm} =Ktk =k

tends to 5, as it =+ @ then the series E;‘:E% is said to be summable by
(N,p.q)€; summable to 5. It is denoted as, tﬁ’“’- —>5‘{|:N,F,q:lﬂl}
The necessary and sufficient conditions that the (N,p,q) method be

regular are

D lrnmetel = LG = @), (%)
k=

and

Pamie = @(l(p = q);[),asn - o, (6)
for every fixed K# @, for each g £0. The (L, 1) summability is also
regular. Let us verify the regularity conditions of EN,?,Q‘:C:_ method

1
e = _E??E:&Fﬂ-k Gy Ty

l by &_EEE
= E
Ry K= ka1 v

= i Con®y

Fa=ty E
. k
'Lw,k - L+ 1} %= TE

a, k .

where

Now
L
(1) E?:&Fw;k =£_n{2¥=&?w—quj=1
(i) ﬂmk=2ﬂ;nﬂk—rﬂm5'rﬁ—}w,fﬂrftmﬂrﬁé.
(ii1) Zmpbue =1
So *:NrFrFE:IC;L method is regular [5].
Definition 5. Let }"{t:l be a function which is integrable in the
sense of Lebesque over the interval C—-rz,'rﬁ} and is defined outside this

interval by periodicity. Let the Fourier series of f{x} be

1 1
2% + E{ﬁﬁﬂaﬁm + by Stimx) = EGUZ‘% () (7)
1
then the derived series of (7) is
ZH{kﬂEam — a, Shmx) = ZHBﬂ{x}. [6].(8)
1 1

We shall use the following notations:
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Wit = Fflet+t)—Fflx)-1

= [1/t], is the integral part of %
w( = Jp W) du.

2. RESEARCH SIGNIFICANCE (CALISMANIN éNEMi)
In this article the authors generalized Sharma’s [11] theorem

about Norlund summability as generalized (N,p,q)C; summability. We hope

that the result of the study will contribute for the next studies
about summability.

3. MAIN RESULTS (ANA SONUCLAR)
In 1970 Sharma [11] proved the following theorem.

e Theorem 1: If 'EFﬂ} is a monotonic, non-increasing sequence of
real positive constant such that
B, = warin—w,

logn = Q(2), and
I I | b = ﬂ-(?i} ast— 0
g PR 1 ’
then the sequence {NB_(H)} is summable (N.p ) to the sum % [11].

Lemma. If P,is non-negative and non-increasing and fy 1s non-negative

and non-decreasing then
=1

Z Py Bnmp COB(1E — ) t| € KR,
u=0 [77].
Proof. We write,

|EE'EE;FLQ.H_ cos(n—vit] = | siP. Gy
= | E32i Pyln-y®
= |E’;—J&thﬂ_ !‘LE| + |Eﬂ—'r By G 8 a—tut

En-v}ﬂ

mr|

But
~tue % R (9)
[P — F'L /-
w=0
And Abel’s transformation

lEr. =0 Fytn—u® mt| = r;g-:;ﬁci_ﬂ k=g

X {Eﬂgz '&’L Fn-v FetlDa-(ut :L}} | Prdp-r  Fu- :L'E:L)
-kt |

-tkr:| Y

2P ns tﬂvﬂn—imk '-"E

TRy
AP e T S — -_l_.fr_

1
< Ap@a: (r}
A
< kﬁirﬂﬂ. (10)

From (9) and (10) we write,
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=
p"l'qﬂ"l'
z Dollu-pCOB(i—vlt| SR, +k—— = R, + k(v + 1ip.g._. = kR,
w=0

[71.

In this paper we will obtain the following theorem.
e Theorem 2. If {Pﬁ} is a non-negative, monotonic, non-increasing

sequence and {Eﬂ} a non-negative, non-decreasing sequence such
that

Ey = 02 aemn — 0,
logn = g(R, ). and

&
L w)ldu = o(z) ast— o,
then the sequence {NB(X}} is summable (N, p g)C; summable to sum i.

Proof. Let &, is denoted the (C,1) transform of the sequence {nﬁﬂﬁiﬂ

L T
an—é—%;wk{x}—é—ﬂ. e [t _ commt
by Riemann-Lebesque theorem [8].
200 = = (D Pa-u )
- Ebo, BEEEEE (p(e) [ — == de 4 24 0(1)
9% —tm (e }(—zz_lm e de) 4 e(1)
- [F e (Ddt + o(D)

- (5™ £, +ID ) wlondi+ (1)

dt + o(1)

= L+L+k.
Now
T (t) = EG). (11)
Since
= 1
tu(t) = @(n), when OSt== (12)
and using the condition (iii) of theorem 2, we have
K= ﬂ-{:'l}.
Since the (N.p.gJ€,; method is regular
E = o(1],

L= i t,ir{:"ir itldt +o(1)
- & —pp COSEE
- -!mw}z:::. Baale PR d = 2 [, (0 I, B 2
= [y —Iyg; say.

Considering Stieltjes integral, using Lemma and the conditions (i) and
(ii) of the theorem 2, we have,

&
I = a(ﬁ f "i’ft}lﬁ,rsf:) = o(1).

i
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I, = L5 - —p@p JREE
2T [ (O IS oy e

A ——

- 2 g, B

= ;fa:ﬁiwlﬁgﬂl b= Pyn-ysin (7 — 1ﬂt + 1}dt

i x 1“"‘?*“;;“';;”'*?@;“% [ B EEE P umysin (n— vt

= ‘EEL'L 'I' I212 ; Ssay.
By Abel Lemma [12], we have

Eﬂ 1 BPpen-pEin =

p—— = Fﬂ-lqlzﬂ -1 wEln (=i +

(m=as)

- - e ﬁw-nu}:
w= 2(_? Tn—p ™ Fﬂ*lQﬁ—(E‘l‘l}}Eb x T

m( m}r:
&C? En—v F;-n.%-(ui}}(zk §(— 1) ZH= a e Zk:
o 2 S - - St
+pﬂ-LQng=g{._1.Iz?n _m E"“:ﬂ_ '-I-]Pw-:.@:.zmjﬁ_m pr— -

Hence we obtain

l-E:I.'I. - ﬁ?rl.ﬁﬂ Ijjs‘ﬁ |*Pti|'-'?| [ECEL- Eﬁhﬁ Grme — Fosa %-qm.}” + ﬂ{ﬂ - 1}?1-}— :LQZL.I dt

_ ﬂ(l.ffmwff}' dt)
- ok, 4550

oo, )
= o(1l)

1 pd |gCel
IE:LQ = ﬁfm ¢:._.L EL IIFLqﬂ-L'Sln {ﬂ—?}[tdﬁ

- o(Ef Bt )
_ {}[:l ﬁ- Iﬂ(r:?lét}

same as K4,

Iy = o(1).
This completes the proof of the theorem 2.

4. CONCLUSION AND SUGGESTIONS (SONUC VE ONERILER)
In this article, we have successfully established a theorem for
(N.p,q)JC, summability of the sequence {nB (¥]}. It may be observed that

this theorem can be considered similar to the theorem of Lal & Yadav
[5] for derived Fourier series. In the next studies, this theorem can
be rearranged for almost NOrlund summability or conjugate derived
Fourier series.
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