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KEVG)— EXPANSION METHOD FOR THE TRAVELLING WAVE SOLUTIONS OF FIFTH
ORDER KDV EQUATION AND KAUP-KUPERSHMIDT EQUATION

ABSTRACT

In this paper, we implemented the (GYG)— expansion method the
traveling wave solutions of the fifth order KdV equation and Kaup-
Kupershmidt equation. By using this scheme, we found some traveling
wave solutions of the above-mentioned equations.

Keywords: Fifth Order KdV Equation, Kaup-Kupershmidt Equation,

(G'/G) -Expansion Method, Traveling Wave Solutions,
Nonlinear Partial Differential Equations

BESINCiI MERTEBEDEN KdV DENKLEMiI VE KAUP-KUPERSHMIDT DENKLEMININ
HAREKET EDEN DALGA COZUMLERI iCiN (G'/G)-AGILIM METODU

OZET

Bu c¢alismada besinci mertebeden KdV denklemi ve Kaup-Kupershmidt
denkleminin hareket eden dalga c¢ozumleri icin (GVG) - acilim metodu
sunacagiz. Bu teknigi kullanarak besinci mertebeden KdV denklemi ve
Kaup-Kupershmidt denkleminin birkac tane hareket eden dalga
¢dzimlerini bulacagiz.

Anahtar Kelimeler: Besinci Mertebeden KdV Denklemi,
Kaup-Kupershmidt Denklemi,
0376)— Acilim Metodu,

Hareket Eden Dalga Coéziumleri,

Lineer Olmayan Kismi Diferensiyel Denklemler
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1. INTRODUCTION (GIRIiS)

Nonlinear phenomena play a crucial role in applied mathematics
and physics. Calculating exact and numerical solutions, in particular,
traveling wave solutions, of nonlinear equations in mathematical
physics plaices an important role 1in soliton theory [1 and 2].
Recently, 1t has Dbecome more interesting that obtaining exact
solutions of nonlinear partial differential equations through using
symbolical computer programs such as Maple, Matlab, Mathematica that
facilitate complex and tedious algebraical computations. It i1s too
important to find exact solutions of nonlinear partial differential
equations. These equations are mathematical models of complex physical
occurrences that arise in engineering, chemistry, biology, mechanics
and physics. Various effective methods have been developed to
understand the mechanisms of these physical models, to help physicans
and engineers and to ensure knowledge for physical problems and its
applications. Many explicit exact methods have been introduced in
literature [3, 4, 5, 6, 7, 8, 9, 1.0, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22 and 23]. Some of them are: Backlund transformation,
generalized Miura transformation, Darboux transformation, Cole-Hopf
transformation, tanh method, sine-cosine method, Painlevé method,
homogeneous balance method, similarity reduction method and so on.

2. RESEARCH SIGNIFICANCE (CALISMANIN ONEMI)
In this work, we will consider to solve the traveling wave
solutions of the fifth order KdV equation and Kaup-Kupershmidt

equation by using the (GVG)— expansion method which is introduced by
Mingliang Wang, Xiangzheng Li and Jinliang Zhang [17].

3. METHOD AND ITS APPLICATIONS (YONTEM VE UYGULAMALARI)
Before starting to give the (GVG)— expansion method, we will
give a simple description of the (GVG)— expansion method. For doing

this, one can consider in a two-variables general form of nonlinear
PDE

Q(U,Ug, Uy, Uyy,...)=0, (1)
and transform Eqg. (1) with lKXJ)lef),fsz—Mﬂ,where w is constant. After

transformation, we get a nonlinear ODE for u@ﬁ

Q'(u’u"u",...)=0. (2)
The solution of the equation (2) we are looking for is expressed as
G"\"
U@)=am(z;j +eeey (3)
where G=G(¢) satisfies the second order LODE in the form
G"+AG"+ uG =0, (4)

where ampn,land. 4 are constants to be determined later, am:¢0, the

positive integer m can be determined by balancing the highest order
derivative and with the highest nonlinear terms into equation (2).
Substituting solution (3) into equation (2) and using (4) yields a set

of algebraic equations for same order of(GVG); then all coefficients
same order of (GVG) have to wvanish. After this separated algebraic
equation, we can find a,....W,A and u constants. General solutions of

the equation (4) have been well known us, then substituting ap,...,W

and the general solutions of equation (4) into (3) we have more
traveling wave solutions of equation (1) [17].
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3. EXAMPLE 1. (ORNEK 1)
Consider the fifth order KdV equation,

U + Uy +UUy + Uy + Uy, + Uy = 0. (5)
For doing this example, we can use transformation with Eg. (1) then
Eg. (5) become

—wu'+ U’ +uu’ +u” +uu” +u® =0, (6)

When balancing uu” with u® then gives m=2. Therefore, we may choose

1\ 2 '
U(ég):az(%j +0‘1(%J+0‘0’ (7)
Substituting equation (7) into (6) yields a set of algebraic
equations foray,aq,a, andW . These systems are
— o+ Wa i — agan i — an i = agn 22— an At = 200 1% = 200 1* — 6y i’
—6agayAu® — 220y 4% u* — 300,22 1? —160y 1® —1200, A = 0,
— oA+ AW —apond - al/l3 - aoal/is . al/ls . alz,u — 201+ 205 W — 200q0 5 U
—8ay A —8agoy Apt — af AP 1 —14a, Ay —1dagay A2 i — 520 A3 11 — 6200, 2% 1
— 202 u? 160,14 —16aga, u? —136a,Au? — 6oy, Ap® —584a, A2 u? — 272a, 1% = 0,
—ag + oW —apoy — alle — 209 A+ 205 AW = 20qa9 A — 70:1/12 - 70:00(1/12 - 0512/13 — 80:2/13
—8aga, A2 —3lay At — 320, 2° —8ary 1 — 8oyt — Bayay 1t — 8o At — 52, At
— 5209, Aut — 2920, A% 1 — 15000y A% 1 — 884y A2 11 — 136 p1? — 180ty 1t? — 171205 Aps?
—6a2Au? = 0,— 60aay A — 31040, A% 1t — 1402 A% 11 —123200, 1% —16a2 u® = 0,
—6a, —6aga, — 3oy, —12af A —5hay A —Shaya, A — 2a2 A —390a, A% — 450,00, A7
—17100, 4% — 83 2% — 2400, 11 — 48ty 005 11 — 39600y Apt — 523 At = 0,
—af —2a, + 20,W - 2agay 12044 1200 A — 3oya, A — Taf A% —38a, A —38aga, A2
—180a, 2 — 9oy y A2 — 4220, A% —8ar? 1 — A0, 11 — A0argary 1t — 205 1 — 480ay A
—6af —24a, — 28ag0, — 205 — 36002 —66ca, A — 30000, A2 —38ars A2 —1680a,

— 4002 11 = 0,-1200; —30aya, — 24000, A —54a 2 A = 0,~720a, — 24a3 = 0.
From the solutions system, we obtain the following with the aid
of Mathematica.

a :%(3_5}“2 _40,U) a; =-304, a;=-30, w=

(8)

5—34% + 2442 4 — 482
2

Substituting (9) into (7) we have three types of traveling wave
solutions of equation (5):

(i) When A2 —4u>0,

(9)

3 A% -4y

2
2 2
o Clsinh[7W§]+C2Cosh[7M2_4ﬂ§]
uy(£)=2-30
2 2 [12 [12
C1COSh[% &+ CZSinh[% g

+512 - 204.

_ a4 2. 4a,2
where §:|:X—(5 34 +242/1,u 48 Jt}, C, and C, are arbitrary constants.

(ii) When A% —-4u<0,
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2
Nau—22 VAu— 22
- ClSin[ﬂf &+ CZCOS['U# g
2 2 N Vau -2
clcos[”T &+ czsm[”T £]

+51% —20..

a4 2. 4a,2
where fz{X—[S 34 +2if/1 48u ]{L C, and C, are arbitrary constants.

(iii) When A%-4u-=0,
2

C,

5
C; +C2(x—2tj

where C; and C, are arbitrary constants.

u3(§)=%—30

EXAMPLE 2. (ORNEK 2)

Consider Kaup-Kupershmidt equation,
75
uy +45u,u? =5 Ut 15Ul + U = 0. (10)

For doing this example, we can use transformation with Eg. (1)
then Eg. (10) become

_Wu'+45u’u2—%u’u"—lSuu’Hu(s):O. (11)

When balancing u'u?,u'ut” and uu"with UG) then gives n=2. Therefore, we
may choose

2 '
U(éz)zaz(g] +a1(%j+a0, (12)

G
Substituting equation (12) into (11) yields a set of algebraic
equations foray,aq,a, andW . These systems are

oUW — 45agal,u +15a0a1/12y —ay A+ 30a0a1y2 + ?af/”t,uz + 90a0a2/1/12

— 2204, 2% 11? =300, 22 1? =160, A% + 150,00, 11® —120a, 44> =0,

AW — 450{50{1/1 + 15a0all3 - al/is - 90a00:12,u + 200, W — 900{30{2/1 +120cgoq A

+ 9002 ud? + 210agary uA? =520, 2% 1 — 620, puA* +105af 11® + 240a g, p1* — 1360, 1% A
+ 465000y 1% A —584ay u? 2% — 2720, 11® +150a2 11® = 0,

ay,W— 45020, — NOagai +20,AW —90aiay A +105agay A% + %aff’ +120aga, A% - 31y 2*

~ 320, 2° +120atgay 1 — 450 1 — 270a gty oty 11+ 38502 At + 180agap At — 2920, A% 1

+ 750000y A% 1 — 884y 22 11 — 1360, A2 + 1950,y 1 —17120c0, Au® + 6903 Au? =0,
90y + 2a,W—90ai a, +180ayay A — 450 A — 210 gy, A + 25502 A% + 57000y A2
—180a, 2° +360ay 0, A% — 42201, A% + 27002 11 + 6000y, 11 — 180 axp 11 —180c gt 11

— 4800 A + 2250005 Apt — 3104ay A2 g1+ 9600t 22 11 —12320, 11* + 99002 1% = 0,
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0aya; - 4508 - 270aya 0, + 7—:2350(12/1 +810aga,A —180ala, A —180ayas — 3900, A2

+1500a,00, A% —17100, A% + 42005 2% — 2400, 1 + 15450, 11 — 225005 11 — 39600, A
+ 258002 =0,

165¢; +360aya, —180a2a, —180aar? —360ay A +1965a,a, A — 225005 A — 3000, A2
+162002 4> —16800, 11 +165002 11— 90a3 11 = 0,

~120, +825c,ax, — 225007 — 24000, A + 201002 2 — 9005 12 = 0, — 720z, +810a? —90a3 = 0. (13)
From the solutions system, we obtain the following with the aid
of Mathematica.

1(., A =84 u+16u°
A +8 a, =4, a,=1 w=

12( u) @ 2 16

Substituting (14) into (12) we have three types of traveling wave

solutions of equation (10):

(i) When A% —4u>0,
A2 —au JAZ—au
2 2y N //12 4y AISInh[i2 £+ AZCosh[i2 &l

uy(§) ="+
R 2 Iy 7 .
A@osh[% A+ AZSinh[% £

ay = (14)

4 g2 2
where §=={X—(ﬂ/ 8&1g+16u jﬁ, A, and A, are arbitrary constants.

(ii) When A?—-4u<o0,
Ry Jau— 22
2 /4 _ 2 —A18|n[7§]+A2C05[7§]
UZ(‘S):_%&TA’JF ﬂz [, ] e 2
Sm[;”‘z_ﬁ” g

ACos[———

§]+A2

4 g2 2
where fz{x—(ﬂ 8/1121+16,u Jt} A, and A, are arbitrary constants.

(iii) When A%-4u-=0,

0-{55)

where A and A, are arbitrary constants.

4. CONCLUSION (SONUC)

In this work, we will consider to solve the traveling wave
solutions of the fifth order KdV equation and Kaup-Kupershmidt
equation by using the GEVG)— expansion method. The method [17] can be
used to many other nonlinear equations or coupled ones. In addition,
this method is also computerizable, which allows wus to perform
complicated and tedious algebraic calculation on a computer.
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