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THE SOLUTION OF DIFFERENTIAL EQUATIONS USING DUAL FUNCTIONS

ABSTRACT

In this paper a differential equation is considered. This
equation is separated into dual and real parts such that the dual part
of the equation is the higher order differential of each term in the
real part. Solving these equations separately, one may observe that
the solution of the dual part is obtained by adding a constant to the
solution of the real part. Making use of this method, the solution of
a higher order differential equation can be attained by reducing each
term of it.

Keywords: Dual Numbers, Dual Vectors, Dual Function,

Differential Equations, Linear Differential Equation

DUAL FONKSIYONLARI KULLANARAK DIFRERANSIYEL DENKLEMLERIN COzZUMU

OZET
Bu c¢alismada herhangi bir diferensiyel denklem gbdz Oniine
alinmistir. Bu denklem dual kisimdaki diferensiyel denklem reel

kisimdaki diferensiyel denklemin her teriminin Dbir {st mertebeden
diferensiyel olacak sekilde reel ve dual kisimlara ayrilmistir. Bu
kisimlardaki denklemler ayri ayri ¢o6zuldiginde dual kismin ¢oziminin,
reel kismin c¢Ozimiine bir sabit ilave edilerek bulundugu gdriilmiistiir.
Bu metoddan faydalanarak yiiksek mertebeden bir diferensiyel denklemin
cOzUmiinin, diferensiyel denklemin her teriminin mertebelerini
indirgemek suretiyle kolayca elde edilmis olacaktir.
Anahtar Kelimeler: Dual Sayilar, Dual Vektorler,
Dual Fonksiyonlar, Diferansiyel Denklemler,
Lineer Diferansiyel Denklem
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1. INTRODUCTION (GIRIS)

A linear differential equation of order n, in the dependent
variable Y and the independent variable X, 1is an equation that can be
expressed in the form
n-1 n-2

d"y d"y d""y
a, (X)W—l—al (X)W+a2 (x) o2

where aOOO is not identically =zero. An equation which is not

fotan (0143, 9y = (0

linear is called a non-linear differential equation, [4].

If a and a* are real numbers and 87306‘2 =0 the
combination, [5 and 6]:

A=a+ s (1)
is called a dual number. Hence & dual unit . Dual numbers are
considered as polynominal 1iné&, subject to the defining relation

822:0. Clifford defined the dual numbers and showed that they form

algebra, not a field. The pure dual numbers Ea*are zero divisors

(6‘8.*)(6{)*)=0. No numbers & has an inverse in the algebra. However,

the other laws of the algebra of dual numbers are the same as the laws
of algebra of complex numbers. This means dual numbers form a ring

over the real number field. For example, two dual numbers/\::a-kga* and

B:=b-+£b* are added component wise:

A+B=(a+b)+s(@ +b") (2)
In addition, they are multiplied by

ab=ab+s(@b+ab") (3)
For the equality of A and B we have

A=B<a=Db and a =b’ (4)

An oriented line in E3 may be given by two points X and Y on

it. If A is any non-zero constant, the parametric equation of the
line is:

y=X+A4a (5)
d is a unit vector along the line. The moment of a with respect to the
origin coordinates is

a’=xxa=yxa (6)
This means that a and a*are not indepented of choice of the

points on the line. The two vectors d and ad are not independent of
one another, they satisfy the following equations;

(a,a)=1, <(a,a’)=0 (7)

The six components ai,a:G::LZB) of the vectors d and a* are

Plucker homogeneous line coordinates. Hence, two vector dand a
determine the oriented line. A point Z is on this line if and only if
Zxa=a (8)

The set of all oriented lines E? is one-to-one correspondence
with pairs of wvectors subject to the conditions (1.7), and so we may

. . . . . 6
expect to represent i, t as a certain four-dimensional set in R of

. 3 .
six components of real numbers; we may take the space D° of triples of
dual numbers with coordinates;
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X, =X +&  (i=1,2,3) (9)
Each line E3 is represented by the dual vector in D3
A=a+e’ (10)
(AA) =(a,a)+2s(a,a’) =1 (11)

2. RESEARCH SIGNIFICANCE (CALISMANIN ONEMI)
Making use of this method, the solution of a higher order
differential equation can be attained by reducing each term of it.

3. THE SOLUTION OF DIFFERENTIAL EQUATION WITH DUAL VARIABLE
(DUAL DEGISKENLI DIFERANSIYEL DENKLEMLERIN COZUMU)

Definition 12. If x and x* are real variable and 8220, the
combination

r(x,y,y",..y™)=6(x) (12)
= F(x, £(x), £/ (), FO00)+ ax*[F'(x, £ (%), £ (X £ O (X))
=g(x)+&x*g'(x)

is called a differential equation with dual variable where, from
X =X+&x*

Y =f(X)+ex* f'(x)
Y'=f'(X)+ex* " (X)

ym — M (X) +ex*f (n+1)(X)

If y::f(x) is solution of real partial of differential equation (12),

y=f(X)+C is solution of dual partial where c is constant.

Lemma 12. If Ymis general solution of a differential equation of

order i, then

Yy, =Yg +C
Yy, =Yg, +CX

Y, =Y, +C.Xx°
3

_ n-2
an = anf1 +C, X

where dependent variable Ygi and independent variable x.
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4. EXAMPLES (ORNEK)
Example 4.1. Under the above method, we have

2
dXY2 +Y =sin X
2 3
= Z+y+ex* d—Z+ﬂ =Sin X + &X *Cos X
dx dx®  dx
d’y _ .
> T Y=SINX (real section)
dx
3
Q—X"F9X==COSX (dual section)
dx*  dx

And therefore, we are obtained following:

i 1
Yreat =€ COSX+C, SN X — 2 XCOSX

ydual = yreal + Cs
. 1
Yua = €, COSX +C, SIN X—EXCOSX+C3

Yg = yreal +ex*® ydual

Example 4.2. We consider a differential equation

4 2
SX\C‘JFZZXYZ +Y =X?+X
then,
4 2 5 3
M+2d y+y +exX* u+2M+d—y = X%+ X+ ex*(2x +1)
dx*  dx? dx®  dx®  dx
4 2
2XZ+23X¥+Y=X2 +X (real section)
5 3
d Z"‘zd 3y+ﬂ=2X+1 (dual section)
dx dx® dx

and thus, following obtained:
Vo = (C,x+C,)sinx+(c,x+C,)cosx+x2 +x—4
Yaa = Yren TCs
Yaa = (C,x+C,)sinx+(c,x+c,)cosx+x? +x—4+c,
Yo = Veea T&X*Y g

5. RESULT (SONUC)

As a result, this method for the solution of differential
equations with higher order will provide a great convenience.
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