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THE LAPLACE TRANSFORM OF THE ONE-DIMENSIONAL DISTRIBUTION FUNCTION OF
A SEMI-MARKOVIAN RANDOM WALK PROCESS WITH REFLECTING AND DELAYING
BARRIERS

ABSTRACT
In this paper, a semi-Markovian random walk ©process with
reflecting barrier on the =zero-level and delaying barrier on the
ﬁ(ﬂ:>0)—level is constructed. Furthermore, the Laplace transformation
of one-dimensional distribution function of this process is expressed
by means of the probability characteristics of random walk {?;:ﬂ.E l}
and renewal process {T;:ﬂ =1k
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YANSITAN VE TUTAN BARIYERLI YARI-MARKOV RASTGELE YURUYUS
SURECININ BiR BOYUTLU DAGILIM FONKSIYONUNUN LAPLACE DONUSUMU

OZET
Bu calismada, sifir seviyesinde yansitan ve (£ >0) seviyesinde
tutan Dbariyerli  bir yari-Markov rastgele yuriylis stireci insa
edilmistir. Ayrica, bu slirecin Dbir boyutlu dadilim fonksiyonunun
Laplace doniistimi Dbir {Y;:ﬂ = l} rastgele ylriyls siireci 1ile Dbir
{T;:ﬂ = l} yenileme siirecinin olasilik karakteristikleri vyardimiyla
ifade edilmistir.
Anahtar Kelimeler: Yari-Markov Rastgele Yiriiyls Sireci,
Yansitan Bariyer, Tutan Bariyer,
Bir Boyutlu Dagilim Fonksiyonu,
Laplace Donusumi
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1. INTRODUCTION (GIRiS)

It 1is known that the most of the problems of stock control
theory is often given by means of random walks or random walks with
delaying barriers(see References 1-5, etc.). But, for the problem
considered in this study, one of the barriers is reflecting and the
other one 1is delaying, and the process representing the quantity of
the stock has been given by using a random walk and a renewal process.
Such models were rarely considered in literature. The practical state
of the problem mentioned above is as follows.

Suppose that some quantity of a stock in a certain warehouse 1is
increasing or decreasing in random discrete portions depending to the
demands at discrete times. Then, it 1s possible to characterize the
level of stock by a process called the semi-Markovian random walk
process. The processes of this type have been widely studied in
literature.[1,4 and 6] But sometimes some problems occur in stock
control theory such that in order to get an adequate solution we have
to consider some processes which are more complex than semi-Markovian
random walk processes. For example, if the Dborrowed quantity is
demanded to be added to the warehouse immediately when the qunatity of
demanded stock 1s more than the total gquantity of stock in the
warehouse then, it 1is possible to characterize the level of stock in
the warehouse by a stochastic process called as semi-Markovian random
walk processes with reflecting barrier. But for the model studied in
this study an additional condition has been considered. Since the
volume of warehouse is finite in real cases, the supply coming to the
warehouse is stopped until the next demand when the warehouse becomes
full. In order to characterize the quantity of stock in the warehouse
under these conditions 1t 1s necessary to use a stochastic process
called as semi-Markovian random walk process with two barriers in
which one of them is reflecting and the other one is delaying. Note
that semi-Markovian random walk processes with two barriers, namely
reflecting and delaying, have not Dbeen considered enough in
literature.[6,7 and 8]

This type problems may ocur, for example, in the control of
military stocks, refinery stocks, reserveof oil wells, and etc.

The Model. Assume that we observe random motion of a particle,

initially at the position E}.E “IEEL ﬁi}'ﬂ, in a stripe bounded by two
barriers; the one lying on the zero-level as reflecting and the other

lying on ﬁ— level as delaying. Furthermore, assume that this motion
proceeds according to the following rules: After staying at the

position xﬁ for as much as random duration f1, the particle wants to
reach the position Xy+#y. If X;+%; = then the particle will be
kept at the position -551:,8 since there 1is delaying barrier at B-
level. If Xp+m E [0.8], then the particle will be at the position
Xy =X;+1my. Since there is a reflecting barrier at zero-level, when
Xg+my =0 the particle will reflect from this barrier as long as
LXD—'ﬂil. In this case, if LXD‘—Thlli £ then the particle will be kept
at the position-x1==LXD“ﬂ1|and if LXD—‘ﬂ1|}°£ then the particle will
be at the position B, so the position of the particle will Dbe
Xy =min{f, X, + ml}.

After staying at the position X& for as much as random duration
fg again it will jump to the position X, = Wﬂﬂ{BJin_'ﬂg” according to
the above mentioned rules. Thus at the end of n-th jump, the particle
will be at the position X, = min{f, |X,_; +n,l}, n=1,
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2. RESEARCH SIGNIFICANCE (GCALISMANIN ONEMI)
In this study, it is given a semi-Markovian random walk process

X(f)with reflecting barrier on the zero-level and delaying barrier on
the f(f>0)-level mathematically. Then the Laplace transformation of

one-dimensional distribution function of this process x(f]is expressed
by terms of the probability characteristics of a random walk {?;:ﬂ.E l}

and a renewal process {T;:ﬂ.E l} Sometimes, it is easier to calculate
the Laplace transformation of one-dimensional distribution function of

the process X(fj instead of itself.

3. CONSTRUCTION OF THE PROCESS (SURECIN KURULMASTI)

Suppose {(fp?ﬁ)}, 1=1,23,.. is a sequence of identically and
independently distributed pairs of random variables, defined in any
probability space Eﬂ,}]P) such that ff’s are positive valued, i.e.,
P{f =0}=1, i=1,23,... Also let us denote the distribution function
of ﬂ and M;

P(t) =P{& =t}, Flx)=Pn, <x}, teR”, xR,
respectively. Before stating the corresponding process let us
construct the follow1ng sequences of random variables:

T_,,!=Zlf,?" Z?;r nz=1T,=Y% =0

Then the processes {T 'ﬂ = l}and {Y = l} forms a renewal process and

a random walk respectively. By using the random pairs (fﬂ?E) we can
construct the random walk process with two barriers in which the
reflecting barrier is on the zero-level and the delaying barrier is on

L >0-level as follows:

X, =min{B X,y +n,l}. n=1 =z=2x,[05]
where Z 1i1s the initial position of the process. Now, let us construct
the stochastic process -X(f] which has the reflecting barrier from

below and the delaying barrier from above and which represents the
level of stock at the moment t:

X(r) = "r if te [T;'!-' T?’!—'.I.:I'
This process 1is <called the semi-Markovian random walk with the
reflecting barrier on the zero-level and the delaying barrier on B—
level.

4. ONE-DIMENSIONAL DISTRIBUTION FUNCTION OF THE PROCESS X{fj

(X(t) sYRECININ BIR BOYUTLU DAGILIM FONKSIYONU)
In order to formulate the main results of this paper, let us
state the following probability characteristics of random walk

{¥,:mn = 1} and renewal process {In:7 = 1}:
ay(z,x) = Piz+ ¥, € [0,]:1
b, :,*;)—P{_—? €[0.68];1

At 7, %) = Z a, (z,%) A%, (1),

n=0

oo

C(s,z,v)= Z c,(z,v)A®, (s),

n=0

[ 1M
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C(ds,z, dv) = Z cylz, dv)d®,(s), c,(z.dv) =d,c,(z,v),

2,9 = P(T, < 1},
A (1)=& (1) — &, .4(t),
where z =X, € [0,8] ,v<0,n>1 and a, (z,x)=1, b (z,v) =0.
For any function ﬂf[t:j, let us denote the Laplace transformation
and Laplace-Stieltjes transformation of ﬂJ(E:)

FT(4, 2) =J e~ (2, 2)dt
|:.
and

(A z) = J e~ d_M(t z)
|:.
with respect to f, respectively. Moreover, for any functions #ﬁﬁtf)
and ﬂigﬁ]:j, the convolution product of ﬂfiﬁ]:j and ﬂd:(t:j is given
as follows:

M(t,z)=M,(t,z) = J M,(t—s2z)d,M,(sz)
o
and T¥l- times convolution product of ﬂfiﬁlij with itself.

[M,(t,2)]% = My (. 2) = [M, (2, 2)]572

Let Q(T,I,x) denote the one-dimensional distribution function of
the process X(fl that is

Qt,z,x) =B{X(t) = x} = P{X(t) <= x:X(0) =z}; x,z € [0,fl.t e R".
Firstly, let us give the following lemma. For this aim, we denote by ¥
the first falling moment of the process.XEfjinto the delaying barrier.

As associated with this we define R(E:Jx) as the following conditional
distribution:

R(t,z.x) =P{y =t: X(t) < x}.

Lemma 4.1: If fi and !y are independent random variables in the
initial sequence of random pairs mentioned above, then the Laplace
transformation of the conditional distribution REf,:,Ijis given in
terms of the probability characteristics of random walk {?;:ﬂ = l} and
renewal process {T;:ﬂ = lL as follows:

= T

o -~

Mmﬁ=ﬂtﬁ—2jmjfkﬂwHMMMMﬁ
-p -8

m=1 i=1
where |'17.;| =ze [ID.IJIQ]'
Proof: Let us denote by UDEfj the number of reflections of the

process X(T) into the interval [GJﬂ- According to the total probability

formula we have
oo

R(t,z,x) = Pfy = t: X(£) <} = Z Py = tiuy(8) = m; X(2) < x)

and to make it simple, we put
ot z,x) =Py = tiy, (t) = m; X(t) < x},m = 0.
Now, we expres each ﬁHERI,Ij by the probability characteristics
of both {?;:ﬂ = l} and {T;:ﬂ.E ll seperately. Therefore, we can write
r(t.z, x) = P{y = t:y,(t) = 0; X(t) = x}
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= Z Plvztiy(t) =0:;X(t) < x;T, <t < Ty}
n=0

o

=Z Plz+Y. e0flil=iZ=mz+Y, €[0x]}P{T, =t <T,.4}

= Z a,(z,x) A, (t)
= Atz )

Thus, we get Tb(&_qu —-ﬂ(iJ:,I) Now, we can calculate the conditional

distribution T&(L:}xj:
n(tz,x) =By =ty (t) = 1, X(t) < x}

= z By =tiy,(t) =L X(t) < x;T, =t < Tpuq}

ZZJ Plyzt:y(t) = 1;X(t) = T, <t < T,.q;T, € ds}

_l: "_‘.I.

ZZJ JP{ +vel0flil=sj=i- _:—?Edu_.TEds}
..:: i=1 +YE DALl =j=n—ilvl[+Y,_ < RI}ﬂqbn—:(f_F:'
ZZJ ;J c(z dv)d#(s)a,_(Iv] x)a%,_(t =)

oo

J QJ,: C(dg “ v|, x)
J

0

At lvl, x) = C(t, z, dv)

g
As such,
-0
Az = | QI 0C Gz dv)
-8
is obtained. Analogously, it is possible to prove that
-0 N
(b2 1)—J J ﬂc*(,a,|g:._1|,dg:.)_4(,a, v %), =z e0,8].
- -

Substituting all of these expressions in the formula for‘REi;:;ijgiven
above, we have

oo m

W) -~

B(hz ) =A(hz, xj—z J'_g...J_Sﬂc*(,aj|«,«:._1|,1-;|_4(,a,|«L,«_,_,,_|Jx;|

m=1 i=
as asserted. Hence the lemma is proved.
Now, we can formulate the main result of this section as the

following theorem.
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Theorem 4.1: Under the conditions of Lemma 4.1, in terms of the
probability characteristics of renewal process {T;:ﬂ = lL and random
walk {Y;:ﬂ =1}, the Laplace transformation of one-dimensional

distribution function of the process X(f), @(J,Lﬁj, can be given as
follows:

O(hzx)=

where ﬁl:";i'i 181 ':’QII = 1in1_r—t-:4: R (..i,_, 18.1 :'-.:I'
Proof: According to the total probability Formula, we get
Qltzx) =P{X(t) <x}=Ely=t:X(t) <x}+ Py < t:X(t) < x}.
On the other hands, we can write
Ply < :X(0) < 2} = j Piy € ds; X(1) < )

|:.

B(1,B,x)+ A[R(4z x)R(A B 2) —R(LE x)R(LE, 'f)]
ARE(A B m)

= JPE{} = r'."l[S'} Q(I’ -5, :'-':I'

Therefore it is given

Q(t,z,x) =R(t,z,x) + J”Q[r — 5 f5,x) H(ds, z),

|:.
where H(t,z) =P {x < t}, so that, Hlds,z)= Pz{}' € ds}. Thus we have
Q(r :":I_R(r 1‘)—H(1‘,:)-‘*Q(1‘,,8,1‘],

that is,
O(hz,x)=RB(Azx)+H(ALz2)G(4 8 x).
If we subsitute ﬁ for Z, then we get

QE"{ 1'5j 1:] - R(‘{J _,1) T Hk(‘iiﬁj@(‘;ﬁﬁ: 1':],

or with an other words,
Q(";‘JJ'QJ :'-':I[l_ H*(";‘JJS:I] = R("L Z :'-':I'
Thus, we can write
Q4B x)=R(Azx)[1-H(LF)]™
By substituting this exression in the formula for Q(iJI,Ij given above,
we obtain

Qhz,x) = B(Az,x)+H (L z)R(AL.x)[1 —H (L E)]?
B(Azx)+ H(AZBRALE x)—H(Az)R(Az,x)
1-H" EAUB) I
On the other hands, since H(E:j = l—'REprCﬂ),it is easy to see that
H*(Az)=1—R*(Az,00)=1— AR(A z, ),
or equivalently,

H* (L) =1— AR(AB,0).

Thus we have
O(hzx) = R(1,B,x)+ A[R(4z,x)R(A B 0) —R(LE x)R(LE, -f)]
o AR(AB @)

as asserted. Hence the theorem is proved.

5. CONCLUSIONS AND RECOMMENDATIONS (SONUGC VE ONERILER)

In this paper, the semi-Markovian random walk process X(Tj, with
reflecting barrier on the =zero-level and delaying barrier on the

P(f>0)-level,is given. The Laplace transformation of one-dimensional
distribution function of this process is expressed by means of the
probability characteristics of a random walk {?;:ﬂ = l} and a renewal
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process {T;:ﬂ E:l}- If the Laplace transformation of one-dimensional

distribution function of process x(fj is known, then it is possible to
give the explicit expressions for the expected value and the higher
order moments of it by means of this Laplace transformation.
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