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HOMOTOPY PERTURBATION SUMUDU TRANSFORM METHOD FOR ONE-TWO-THREE
DIMENSIONAL INITIAL VALUE PROBLEMS

ABSTRACT

In this paper, we study to obtain solutions of one-two-three
dimensional initial value problems (IVP) by using homotopy
perturbation sumudu transform method (HPSTM). We draw graphics of

exact solutions for these equations by means of programming language
Mathematica.
Keywords: Sumudu Transform Method,
Homotopy Perturbation Sumudu Transform Method,
One Dimensional IVP, Two Dimensional IVP,
Three Dimensional IVP

BiR-iKi-U¢C BOYUTLU BASLANGIC DEGER PROBLEMLERI I¢CiN HOMOTOPI
PERTURBASYON SUMUDU DONUSUM METODU

OZET
Bu c¢alismada, homotopi pertiirbasyon sumudu doéniisim metodu
araciligiyla bir-iki-tlc¢ boyutlu baslangicg deger problemlerinin
¢ozlmlerini elde etmeye calistik. Mathematica programi araciligiyla bu
denklemler i¢in tam ¢ozlimlerinin grafiklerini g¢izdik.
Anahtar Kelimeler: Sumudu Doéniisiim Metodu,
Homotopi Pertlirbasyon Sumudu Doéntstim Metodu,
Bir Boyutlu Baslangig¢ De§er Problemi,
Tki Boyutlu Baslangic¢ Deger Problemi,
Uc Boyutlu Baslangic DeJer Problemi
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1. INTRODUCTION (GIRiS)

Sumudu transform method (STM) was firstly proposed by Watugala
who was successfully applied to various linear differential equations
[1 and 3]. Belgacem and Karaballi introduced fundamental properties of
sumudu transform [4 and 5]. It was given that a number of studies in
this area [6 and 14].

Homotopy perturbation method (HPM) was firstly proposed by He.
He applied to various engineering problems [15 and 21]. HPM has been
used to solve a large class of linear and nonlinear problems [22 and
237.

In this paper, we use HPSTM which involve the STM and HPM so as
to find exact solutions of the one-two-three dimensional initial value
problems (IVP) [24].

2. RESEARCH SIGNIFICANCE (CALISMANIN ONEMI)

In this study, we implemented that homotopy perturbation sumudu
transform method to obtain solutions of one-two-three dimensional
initial value problems.

3. METHOD AND ITS APPLICATIONS (METOD VE UYGULAMALARI)
3.1. The Homotopy Perturbation Method
(Homotopi Perturbasyon Metodu)
To illustrate the basic ideas of this method, we consider the
following equation

AW -f(r)=0 reQq, (1)

with boundary condition
0
B[u,—u]zO, rer, (2)
On

where A is a general differential operator, Bis a boundary
operator,f(r)is a known analytical function and 1'is the boundary of

the domain .
Acan be divided into two parts which areLandN, wherelLis
linear and N 1is nonlinear. Eg. (l) can be rewritten as following;

Lw+N@u —-f(r)=0, req. (3)
Homotopy perturbation structure is shown as following;

H(v,p) = 1-p)[L(v) - L)+ p[a(v)—£(r)] =0 (4)
where

v p): Qx[01] — R. (5)

In Eqg.(4), p € m,l]is an embedding parameter and u is the first

0
approximation that satisfies the boundary condition. We can assume
that the solution of Eqg.(4) can be written as a power series in p, as
following;

V=V, +pv, + PV, + PV, + -, (6)
and the best approximation for solution is
u=1limv =v, +v, + Vv, + v, + . (7)
p—1
The convergence of series Eqg.(7) has been proved by He in his
paper [16]. This technique can have full advantage of the traditional

perturbation techniques. Convergence rate of the series Eqg. (7) depends
on the nonlinear operator A(v). The following opinions are suggested by
He [16].
e The second derivative of N(v) with respect to v must be small
because the parameter may be relatively large, i.e., p — 1.
e The norm of L'ON / Ov) must be smaller than one so that the
series converges.
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3.2. The Homotopy Perturbation Sumudu Transform Method
(Homotopi Perturbasyon Sumudu Doéniisim Metodu)
To illustrate the basic ideas of this method, we consider a
general linear form of one-two-three dimensional homogeneous partial
differential equations;

du (x, t &u(x, t
—U(X ) = @(X,t)—u(xz ) (8)
ot 0x
with subject to initial condition
P (x,0) = £(x), (9)

where f(x) is a known analytical function. We write the sumudu
transform [1 and 14] of Eg. (8) as following;
O°F (x, u 1 1
(2, ) - r (X' u) +
Ox u®(x,u) u®(x,u)

According to HPM, we construct a homotopy in the form as following;

f(x,0) = 0. (10)

2 O°f (x, 0 O°F F f(x,0
- p)élg-—-———g;—) +p (iru)_» (%, u) N (x,0) — 0 (11)
Ox Ox Ox u® (x, u) u® (x,u)
where
u(x,0) =u = £(x0) (12)
is initial condition of Eq. (8). Therefore, the sumudu transform of
Eg. (8) is

F (X, u) = zx; P"F, (X, u)

We can assume that the solution of Eg.(8) can be written as a power
series of p,

F (x, u) = 2 P'F, (x, u)

(13)
= F (xu) + pF (x,u) + P'F, (x,u) + P'F, (x,u) + .
When the limit get for p — 1, the solution obtain as following;
F(x,u) = lim [Fo (%, u) + PE, (x,u) + P°F, (x,u) + PF, (x,u) + ]
—
= R (xu) + R (xu) + B (5 u) + F, (xu) + - s
ZFn (x,u) .
n=0
4. EXAMPLES (ORNEKLER)
4.1. Example 1 (Ornek 1)
The one-dimensional initial value problem [24] is given by
u =u,, 0<x<mt>0, (15)
and initial condition [24] for Eg. (15) 1is
u(x,0) = u = cos(x). (16)
We construct a sumudu transform [l and 14] for Eq. (15) as following;
Jdu 1
S|—| = —[F(X,U) — f(X,O)] ,
ot u
1 "
= —(F(X,U)—f(X,O)) = F,
u
" 1 1
= F —=-F+ =cos(x) =0, (17)
u u
" O°F o’u (x, t) O°F (%, u)
where are F = > and > = > According to HPM, we

construct a homotopy for Eqg. (17)
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" " " 1 1
(l—p)[F —uo]—|—pF —~—F+ -cos(x)| =0
u u
" " " P 1
F—u +puy ——F+—pcos(x) =0 (18)
u u

where

F = F + pF, + pF, + p'F, + - = Y p'F, (x,u), (19)
n=0
= an "

F (X, u) .

n

F' = F, + pF + sz2-~ + P3Fz" + o
n=0
Then, by substituting Eg. (19) into Eg. (18) and rearranging according
to powers of pterms, we obtain

|:Fo + pFl" + p2F2" + p3F3"J - uo + pu; + £cos(x) - E[FO + pF + p2F2 + p3F3J =0
u u

oy " 2" 3" " " P 1 1. 1 _
L, + pF +pF, + pF, —u + pu, + —cos(x) —— pF, ——pF, ——pF, =0
u u u u

p F, —u =0 (20)
N N 1
p iFE +u +>cos(x)—=F =0, (21)
u u

p’ F,-—-F =0 (22)
u
3 1

P E -tE =0 (23)
u

with solving Eqg. (20-23)
p’ i E —u =0 = F, = u, = cos(x), (24)

1

v 1 1 I
p :F t+u +-cosx)——F =0 :>F1:ff
0 0

-1 1
—u, — —cos (x) + — F| dxdx
u u

u u (25)
= F = —cos(x),
) . l X X 1
p’:F —=F =0 = F :ff—Fl dx dx
u o S0 U (26)
1
= F, = —cos(x),
u
p i F, —=F =0= F :ff—F2 dx dx
u u
0 0
1
= F, = f—zcos(x), (27)
u
Because compounds of Fy, Fi, F;, *-- have very little value, we can’t

consider and then can take into consideration only Ey, Fi, E, F] for

solution by HPSTM. When we consider Eqg. (19) and supposep = 1, we
obtain sumudu transform of Eq. (18) as following;
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F(x,u) = F, + pF, + p'F, + p'F, + =
= lin (£ + pF, + P'E, + P'E, + )
=

=B+ B+ 4R+

= cos(x)—-cos(x)+—}-cos(x)—-j§cos(x)+—~-
u u
= cos(x)+—cos(x)——[1—-E +—j? ] , I, = 1 __u
u u 1 _ = u-—1
I u
= cos (x)|1 + d
1 —u
= cos(x)[ = . (28)
1 —u

Therefore, we obtain sumudu transform of Eg. (15) as following

F (x,u) = cos(x) (29)

When we take inverse sumudu transform of Eg. (29) by using
inverse transform table in [4], we get solution of Eqg. (15) by HPSTM as
following;

(30)

L L L L L *

0.4 0.6 0.8 1.0
b Exact Sol.

Figure 1. The 2D and 3D graphics of the exact solution u(x, t) for

Eg. (15) by means of HPSTM when t = 0.5
(Sekil 1. HPSTM aracilidiyla (15) denkleminin t = 0.5 ic¢in u(x,t) tam

¢Ozimtinin iki ve ¢ boyutlu grafikleri)

4.2. Example 2 (Ornek 2)

The two-dimensional initial value problem [24] is given by

u =u, tu,, 0<xy<mt>0, (31)
and initial condition [24] for Eqg. (31l) 1is

u(x,y,0) =y = sin(x + y). (32)
We construct a sumudu transform [l and 14] for Eqg. (31) as following;

ou 1

SE = ;[F(x,y,u)—f(x,y,O)]

= E(F(X,y,u)—f(x,y,O)) = F +F
u
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1 1 " - " -1 1
= ~F—=-sin(x+y)=F +F =F +F-=-F+ =sin(x+ y) = 0(33)
u u u u
" O’F (%, v, u) . O’F (X, Vv, u) )
where are FF = ————— and FF = —————— . According to HPM, we
Ox dy

construct a homotopy for Eqg. (33)

_— T 1
(l—p)[F _uo]+PF +F—=F+ =sin(x+ y)| =0

u u
. . " -1 1 .
F'—u + py + pF—=pF +=-psin(x+y) =0 (34)
u u
where

F = Fot pFit p° Fot p° Fat - = Zp" Fu (%, y,u),

n=0
F' = F + pF + p’F, + pF + - = Zp”Fn" (x, y,u), (35)

n=0

F =F + pF, + p’F, + p’F, + -~ = » p'F, (x, y,u).

n=0

Then, by substituting Eqg. (35) into Eqg. (34) and rearranging according
to powers of pterms, we obtain

F, + pF, + p’F, + p’F, —u, + pu, + pF,+ p’F,+ p’ Fo— — pF, — = p'F,
u u

1 1
——p3F2—|——psin(X—¢—y):O.
u u
P E —u =0, e
. . .1 1 .
p :Fl—l-uO—I-Fo—;FO —I—Esnl(x—l—y):O, (37)
5 ., 1
p i F +F-~-F =0, (38)
u
3 " o 1
p t F, +F:——F =0, (39)
u

with solving Eqg. (36-39)

p’ K —u =0= F =y =sin(x + y), (40)
| 1,
p :F 4+u +Fo—=—F +=sin(x+y) =0
u u
X X i B 1 1 .
= F :ff—uo—Fo—l——Fo——31n(x+y)] dx dx (41)
) u u
= F, = —2sin(x + y),
) . . l X X . l
Pt F +F—=-F =0 = F, fo—Fl—l——Fl dx dx
u o o u (42)

= F, = 2[1—|—£]sin(x—|—y),
u

oo 1 Trlo. 1
p3:F3+F2*_F2:O:>F3 :ffF2+—F2]dXdX
u u

0o 0

2
= F = 2[1+l] sin (x + y),
u
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When we consider Eg.(35) and supposep = 1, we obtain sumudu
transform of Eq. (31) for Eg. (40-43) as following

F(x, y,u) = Fy, (%, y,u) + pF, (%, y,u) + p'F, (x, y,u) + pP'F, (2, y,u) + -+
= (R (%, y,u) + PE, (%, y,u) + PF, (%, y,u) + PF, (%, y, u) + )

=F(xsyv,u)+F (x,y,u) +F(x,y,u) + F (%, y,u) + - (44)

= sin(x+y)—ZSin(X+y)+2(l+l)sin(x+y)
u

12
—2[1+—j sin(x + y) + .
u

Therefore, we obtain sumudu transform of Eqg. (31) as following

, 1 1)
F(X,y,u)251n(x—|—y)l—2+21—|———21—|—— + -
u u
, 1 1 1Y
=sin(x+ y)|l =2+ 2|1+ =[{1 +|-1—=|4+|-1—==| + 1,
u u u
1 u l+u u
= sin(x + 1-242|1+ - = sin(x + -1+42
( y) [ u]l + 2u ( y) [ u ]1 + 2u
. 2+ 2u . 1
= sin(x + -1+ = sin(x +
( y)l 1+ 2u ( }O{l + 2u
1
F(x, y,u) = sin(x + —. (45)
(% v, u) x+v) |5
When we take inverse sumudu transform of Eqg. (45) Dby using

inverse transform table in [4], we get solution of Eqg.(31) by HPSTM as
following

u(x,y,t) = sin(x + y)e ™. (46)

030 -~ 1

0.25 | ]

020 1

bl Exact Sol.

Figure 2. The 2D and 3D graphics of the exact solution ulx, y,t) for
Eg. (31) by means of HPSTM when t =y = 0.5
(Sekil 2. HPSTM araciligiyla (31) denkleminin € = y = 0.5 i¢in u(x, y, t)
tam ¢ozUmlnin iki ve i¢ boyutlu grafikleri)

4.3. Example 3 (Ornek 3)
The three-dimensional initial value problem [24] is given

ut=2<uxx—0—uyy—|—uzz), O< x,y,z<mmt>0, (47)
and initial condition [24] for Eqg. (47) is
u(x,y,z,@ =u, ::sin(x)cos(y)cos(z). (48)

We construct a sumudu transform [l and 14] for Eqg. (31) as following
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S% :%[F(X,y,z,u)—f(x,y,Z,O)]
:>E(F(x,y,z,u)—f(x,y,Z,O)) = 2[F"—|—F—|—;]
u
1 1 . " R
= —F — —sin(x)cos(y)cos(z)= 2F + F+ F)
u u

(49)

— F 4 Pt F— L + isin (x) cos(y)cos(z)= 0
2u 2u

" aZF ’ r“r s aZF r r < = 82F ’ r“r
where are F :—(X}:ZU) ,F:—(X{ZU) and F:—(X_Z'ZU).
Ox dy 0z
According to HPM, we construct a homotopy for Eqg. (49)
(1-p) [F - uo] + pl|F" + F+ Fe 2i F + 2i sin (x) cos (y)cos(z) | = 0
u u

F'— uO + pu; + pF.qL p;— ZipF + Zipsin (X) cos (y) cos (z) =0 (50)
u u

where
i“_.' = FO+ pF1+ p2 F2+ p3 F3+ = an %’H (XIYIZIU)I
n=0
F' = F + pF, + p'F, + p’F, + - =Y p"F, (2, y, z,u),
U (51)
F= FE) + pF’l + p2F2 + p3F3 + o = anFn (XIYIZIU)I
n=0
F = Fot pFit+ p° Fot p° Fat - = Z P Fa (%, v» z,u).

Then, Dby substituting Eqg.(51) into Eg.(50) and rearranging
according to powers of P terms, we obtain

F + pF + p’F, + p’F. — U + pu, + p Fot p’ Fi+ p° Fot p Fot p’ F:

,x 1 1, 1, 1 _
+p’ Fo— — pF, — — p’F, — — p’F, + — psin(x)cos(y)cos(z) = 0,
2u 2u 2u 2u
P’ i F —u =0, (52)
1 " " .. ~ 1 1 )
j2 :Fl—I—uo—Q—Fo—l—FO—2—FO+2—51n(x)cos(y)cos(z):O, (53)
u u
2 oo 51
p :F, + i+ Fi—-—F =0, (54)
2u
3 " = = 1
p i F, + Fot+ Fo— —F, =0, (55)
2u
with solving Eqg. (52-55)
P’ K —u =0 = F = u, = sin(x)cos (y) cos(z), (56)
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p o E +uy +F(;+ i—%lﬂ, —I—isin(x)cos(y)cos(z) =0

u 2u
=5 =[]
0 o0

= F, = —6sin (x)cos(y)cos(z),

dx dx (57)

" .. = 1 1
—u, — F,— F+ - F, - o sin (x) cos (y) cos (z)

" - ~ 1 T - ~ 1
P :F2—|-F1+F1——F1:O:>F2 :ff{_Fl_F1+_F'1] ax dx
2u 5 2u

(58)
= F, = 6[5 + E] sin (x) cos (y) cos (z),
u
5 N .. =~ l X .. ~ 1
P iF 4Pt Foe—F =0=F = ff—Fz—Fz—i——Fz dx dx
2u L 2u
) (59)
= F, = —6[5 + 2] sin (x) cos (y) cos (z),
u

When we consider Eqg.(51) and suppose p=l, we obtain sumudu
transform of Eqg. (47) for Eg. (56-59) as following

F(XI_YI Z,U) = F (XI_YI ZIU) + PF, (XI_YI Zlu) + P2F2 (XIYIZIU) + P3F3 (XI_YIZIU) + -
= lin (F, + pF, + p'F, + P'F, + -
p—
= F 4+ F +E+F 4

sin (x) cos (y) cos (z) + 6 [5 + %] sin (x) cos (y) cos (z)

2
— 6sin (x)cos(y)cos(z) — 6 [5 + E] sin (x) cos (y) cos (z) .
u
Therefore, we obtain sumudu transform of Eqg. (47) as following

F (%, y,z,u) = sin(x)cos (y)cos(z) — 6 sin (x) cos (y) cos (z) +

1
1—F+—
u

s+ 2 4 l
oo

u

= sin (x) cos (y) cos(z) — 6 sin (x) cos (y) cos (z)

sin (x) cos (y) cos (z) — 6 sin (x) cos (y) cos (z)

1+ 6u

sin (x) cos (y) cos (2) [1 1 iu6u]

1
1+ 6u

= sin (x) cos (y) cos(z)

F (% v,z u) = sin (x) cos (y) cos (z)[ ] (60)

1+ 6u

When we take inverse sumudu transform of Eqg.(60) by using
inverse transform table in [4], we get solution of Eqg. (47) by HPSTM as
following

6t

u (x, YV 2, t) = sin (X) cos (y) cos (Z) e (61)
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0015 |
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0.4 0.6 08 1.0
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Figure 3. The 2D and 3D graphics of the exact solution u(x,y,z,t) for

Eg. (47) by means of HPSTM when t =y =z = 0.5
(Sekil 3. HPSTM araciligdiyla (47) denkleminin t =y =z = 0.5 ic¢in

u(x, y, z, t) tam ¢ézimiinin iki ve ¢ boyutlu grafikleri)

5. CONCLUSION (SONUC)

In this paper, we present the exact solutions of one-two-three
dimensional initial value problems by using HPSTM. We draw graphics of
exact solutions for these equations. STM can be used to solve variety
initial value problems. Moreover, it performs to solve partial
differential equations including engineering and applied sciences.
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