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 COMPLEX SOLUTIONS FOR FIFTH ORDER KdV EQUATION AND (3+1) 

DIMENSIONAL BURGERS EQUATION 
 

ABSTRACT 
In this paper, we implemented a direct algebraic method for the 

complex solutions of the fifth order Korteweg-de Vries (KdV) equation 
and (3+1) dimensional Burgers equation. By using this scheme, we found 
several complex solutions of the three fifth order KdV equations and 
(3+1) dimensional Burgers equation. 

Keywords: Fifth Order Kdv Equation, (3+1) Dimensional Burgers 
          Equation, Direct Algebraic Method, Complex Solutions, 
          Traveling Wave Solutions 
 

BEŞĐNCĐ MERTEBEDEN Kdv DENKLEMĐ VE (3+1) BOYUTLU BURGERS 
DENKLEMĐ ĐÇĐN KOMPLEKS ÇÖZÜMLER 

 
ÖZET 
Bu çalışmada beşinci mertebeden KdV denklemi ve (3+1) boyutlu 

Burgers denkleminin kompleks çözümleri için Doğrudan Cebirsel Metodu 
sunacağız. Bu tekniği kullanarak beşinci mertebeden KdV denklemi ve 
(3+1) boyutlu Burgers denkleminin birkaç tane kompleks çözümünü 
bulacağız. 

Anahtar Kelimeler: Beşinci Mertebeden Kdv Denklemi,  
                   (3+1) Boyutlu Burgers Denklemi,  
                   Doğrudan Cebirsel Metot, Kompleks Çözümler, 
                   Seyahat Eden Dalga Çözümleri 
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1. INTRODUCTION (GĐRĐŞ) 
The theory of nonlinear dispersive wave motion has recently 

undergone much study. We do not attempt to characterize the general 
form of nonlinear dispersive wave equations [1 and 2]. Nonlinear 
phenomena play a crucial role in applied mathematics and physics. 
Furthermore, when an original nonlinear equation is directly 
calculated, the solution will preserve the actual physical characters 
of solutions [3]. Explicit solutions to the nonlinear equations are of 
fundamental importance. Various methods for obtaining explicit 
solutions to nonlinear evolution equations have been proposed. Many 
explicit exact methods have been introduced in literature [4, 5, 6, 7, 
8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23 and 24]. 
Among them are Generalized Miura Transformation, Darboux 
Transformation, Cole-Hopf Transformation, Hirota’s dependent variable 
Transformation, the inverse scattering Transform and the Backlund 
Transformation, tanh method, sine-cosine method, Painleve method, 
homogeneous balance method, similarity reduction method, improved tanh 
method and so on. In fact, recently a direct algebraic approach has 
been constructed an automated tanh-function method by Parkes and Duffy 
[12]. The authors present a Mathematica package that deals with 
complicated algebraic and outputs directly the required solutions for 
particular nonlinear equations. 

 
2. RESEARCH SIGNIFICANCE (ÇALIŞMANIN ÖNEMĐ) 
In this study, we implemented a direct algebraic method [24] 

with symbolic computation to construct new complex solutions for fifth 
order KdV equation and (3+1) dimensional Burgers equation. 

 
3. METHOD AND ITS APPLICATIONS (YÖNTEM VE UYGULAMALARI) 
Before starting to give a direct algebraic method, we will give 

a simple description of the direct algebraic method [24]. For doing 
this, one can consider in a two variables general form of nonlinear 
PDE 

( ) 0,,,, =Kxxxt uuuuQ ,                                       (1) 

and transform Eq.(2.1) with ( ) ( ) ( )ctxikutxu −== ξξ ,,  and 

( )tzyxik ηβαξ −−−= ,where βα ,,, ck  and η  are real constants. After 

transformation, we get a nonlinear ODE for ( )ξu   

( ) .0,,,,'
2 =′′−′′− KukuikuikcuQ                                      (2) 

where .
ξd
du

u =′  

The solution of the equation (2) we are looking for is expressed 
in the form  

( ) ( ),
0

∑
=

=
n

m

m
mFaU ξξ                                             (3) 

where ( )ctxik −=ξ  and ( )tzyxik ηβαξ −−−= , n is a positive integer 

that can be determined by balancing the highest order derivate and 

with the highest nonlinear terms in equation, ma and ξ    can be 

determined. Substituting solution (3) into Eq. (2) yields a set of 

algebraic equations for mF  and ( )K,2,1,0=m  then, all coefficients of  

mF  have to vanish. After this separated algebraic equation, we could 

found coefficients  maa ,0  andξ . ( )ξF  expresses the solution of the 

auxiliary ordinary differential equation   

( ) ( )ξξ 2FbF +=′                                           (4)                                
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where  
ξd
dF

F =′   and b  is a constant. Some of the solutions are 

given the paper [24]. 
In this work, we will consider to complex solution the fifth 

order KdV equation and (3+1) dimensional Burgers equation by using the 
direct algebraic method which is introduced by Huiqun Zhang [24].  

 
EXAMPLE 1. (ÖRNEK 1) 
Consider fifth order KdV equation, 

,0=+++++ xxxxxxxxxxxxxt uuuuuuuu                                (5)                                                                                 

For doing this example, we can use transformation with Eq. (1) 
then Eq. (5) become  

( )
,0

5422 =+′′′−′′′−′+′+′− ukuukukuuuuc                         

 (6) When balancing uu ′′′ with 5u  then gives n=2. Therefore, we may 
choose 

2
210 FaFaau ++= .                                           (7) 

Substituting (7) into Eq. (6) yields a set of algebraic 

equations for baaa ,,, 210  and c . These systems are finding as  

,01622
43

1
22

10
22

11101 =+−−−+ kbakbaakbabcabaaba  

,027216162222
43

2
22

20
22

2
222

12202
2
1 =+−−−−++ kbakbaakbakbabcabaababa ,

,013618883
42

1
22

21
2

10
2

1121101 =+−−−−++ kbakbaabkaabkacabaaaaa  

,01232

16404082222

42
2

222
2

2
20

2
2

22
12

2
2202

2
1

=+

−−−−−+++

kba

kbabkaabkabkacabaaaaa

 ,024048663
4

1
2

21
2

10
2

121 =+−−− bkabkaakaakaaa                    (8)      

,0168040242462
4

2
22

2
2

20
2

2
22

1
2
2 =+−−−− bkabkakaakakaa  

,012030
4

1
2

21 =+− kakaa  

.072024
4

2
22

2 =+− kaka  

From the solutions of the system, we can found  

Case 1. 

( ) .0,
2

485
,30,0,403

2

1
42

2
21

2
0 ≠

−
===+= k

kb
ckaabka                 (9) 

Case 2. 

.0,
968

2345

88

5
,30,0,

11

29

2

2
210 ≠===== kc

k
bkaaa                   (10) 

 
With the aid of Mathematica substituting (9) and (10) into (7), 

we have obtained the following exact complex traveling wave solutions 
of equation (5). These solutions are: 

Case 1. 

( ) .
2

485
304030

2

1
2

42
22

1 

































 −
−−−−++= t

kb
xikbTanhbkbku        (11)    

where b<0 and k is an arbitrary real constant. 

( ) .
2

485
304030

2

1
2

42
22

2 

































 −
−−−−++= t

kb
xikbCothbkbku           (12) 

where b<0 and k is an arbitrary real constant. 

 ( ) .
2

485
304030

2

1
2

42
22

3 

































 −
−++= t

kb
xikbTanbkbku                  (13) 
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where b>0 and k is an arbitrary real constant. 

( ) .
2

485
304030

2

1
2

42
22

4 

































 −
−−++= t

kb
xikbCotbkbku                  (14) 

where b>0 and k is an arbitrary real constant. 

.

2

5

1
30

2

3

2

2
5



























−

−+=
txik

ku                                      (15) 

where b=0 and k is an arbitrary real constant. 
Case 2. 

.
968

2345

88

51

88

5
30

11

29
2

2
6 

































−+= txiTan

k
ku                   (16)    

where b >0,  k is an arbitrary real constant.                      

 .
968

2345

88

5
cot

1

88

5
30

11

29
2

2
7 

































−−+= txi

k
ku                        (17)    

where b >0,  k is an arbitrary real constant.                                          
 
EXAMPLE  2.  (ÖRNEK 2) 
Consider (3+1) dimensional Burgers equation, 

 

.0

,0

,0222

=−

=−

=−−−−−−

yz

yx

zzyyxxxxyt

wu

vu

uuuwuvuuuu

                (18) 

 For doing this example, we can use transformation with Eq. (1) 
then Eq. (18) become  

.0

,0

,0222
22

=′+′−

=′+′

=′′+′′+′′+′−′−′+′−

wu

vu

ukukukuiwuivuuiui

αβ
α

βααη
     (19)                                              

When balancing uvuu ′′,  and uw ′  with u ′′  then gives 11 =n , when 

balancing u ′  with v ′ then gives 12 =n  and when balancing u ′  with w′ 

then gives 13 =n   . Therefore, we may choose 

.

,

,

10

10

10

Fccw

Fbbv

Faau

+=

+=

+=

                               (20) 

Substituting (20) into Eq. (19) yields a set of algebraic 

equations for 101010 ,,,,, ccbbaa . These systems are finding as  

,0222 1100101 =−+−− ηα biabaiabciabbia  

,0222222
2

1
2

1
2
111111 =++++−− βαα bkabkabiabkabciabbia   

,0222 1100101 =−+−− ηα iaaiaciabia                                  (21) 

,0222222
2

1
2

1
2
111111 =++++−− βαα kakaiakaciabia  

.0,0,0,0 11111111 =−=−=+=+ βαβααα acbabcbabbba  
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From the solutions of the system, we can found  

( ) ( ) ( )

( )
.

1

1

,
1

1
,22

2

1
,

1

1

2

22

1

2

22

10002

22

1

βα

βαβ

βα

βα
ηα

βα

βαα

+−−

++
−=

−+

++
−=−+−=

−+

++
=

ik
c

ik
bacb

ik
a

    (22)                                                                                                                     

With the aid of Mathematica substituting (22) into (20), we have 
obtained the following exact complex traveling wave solutions of 
equation (18). These solutions are: 

( ) ( )[ ]( )

( ) ( ) ( )[ ]( )
( ) ( )[ ]( )tzyxikbTanhb

ik
cw

tzyxikbTanhb
ik

acv

tzyxikbTanhb
ik

au

ηβα
βα

βαβ

ηβα
βα

βα
ηα

ηβα
βα

βαα

−−−−−−
+−−

++
−=

−−−−−−
−+

++
−−+−=

−−−−−−
−+

++
+=

2

22

01

2

22

001

2

22

01

1

1

1

1
22

2

1

1

1

    (23) 

where b<0 and k is an arbitrary real constant. 

( ) ( )[ ]( )

( ) ( ) ( )[ ]( )
( ) ( )[ ]( )tzyxikbb

ik
cw

tzyxikbCothb
ik

acv

tzyxikbCothb
ik

au

ηβα
βα

βαβ

ηβα
βα

βα
ηα

ηβα
βα

βαα

−−−−−−
+−−

++
−=

−−−−−−
−+

++
−−+−=

−−−−−−
−+

++
+=

coth
1

1

1

1
22

2

1

1

1

2

22

02

2

22

002

2

22

02

    (24) 

where b<0 and k is an arbitrary real constant. 

( ) ( )[ ]( )

( ) ( ) ( )[ ]( )
( ) ( )[ ]( )tzyxikbTanb

ik
cw

tzyxikbTanb
ik

acv

tzyxikbTanb
ik

au

ηβα
βα

βαβ

ηβα
βα

βα
ηα

ηβα
βα

βαα

−−−
+−−

++
−=

−−−
−+

++
−−+−=

−−−
−+

++
+=

2

22

03

2

22

003

2

22

03

1

1

1

1
22

2

1

1

1

       (25) 

where b>0 and k is an arbitrary real constant.   

( ) ( )[ ]( )

( ) ( ) ( )[ ]( )
( ) ( )[ ]( )tzyxikbCotb

ik
cw

tzyxikbCotb
ik

acv

tzyxikbCotb
ik

au

ηβα
βα

βαβ

ηβα
βα

βα
ηα

ηβα
βα

βαα

−−−−
+−−

++
−=

−−−−
−+

++
−−+−=

−−−−
−+

++
+=

2

22

04

2

22

004

2

22

04

1

1

1

1
22

2

1

1

1

       (26) 

where b>0 and k is an arbitrary real constant. 
 
4. CONCLUSION (SONUÇ) 
In this paper, we implemented a direct algebraic method [24] 

with symbolic computation to construct new exact complex solutions for 
fifth order KdV equation and (3+1) dimensional Burgers equation. The 
method can be used to many other nonlinear equations or coupled ones. 
In addition, this method is also computerizable, which allows us to 
perform complicated and tedious algebraic calculation on a computer. 
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