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COMPLEX SOLUTIONS FOR FIFTH ORDER KdV EQUATION AND (3+1)
DIMENSIONAL BURGERS EQUATION

ABSTRACT
In this paper, we implemented a direct algebraic method for the
complex solutions of the fifth order Korteweg-de Vries (KdV) equation
and (3+1) dimensional Burgers equation. By using this scheme, we found
several complex solutions of the three fifth order KdV equations and
(3+1) dimensional Burgers equation.
Keywords: Fifth Order Kdv Equation, (3+1) Dimensional Burgers
Equation, Direct Algebraic Method, Complex Solutions,
Traveling Wave Solutions

BESINCI MERTEBEDEN Kdv DENKLEMi VE (3+1) BOYUTLU BURGERS
DENKLEMI ICiIN KOMPLEKS COZUMLER

OZET
Bu calismada besinci mertebeden KdV denklemi ve (3+1) boyutlu
Burgers denkleminin kompleks ¢ozimleri ig¢in Dodrudan Cebirsel Metodu
sunacagiz. Bu teknigi kullanarak besinci mertebeden KdV denklemi ve
(3+1) boyutlu Burgers denkleminin birkag¢c tane kompleks ¢ozUimini
bulacagiz.
Anahtar Kelimeler: Besinci Mertebeden Kdv Denklemi,
(3+1) Boyutlu Burgers Denklemi,
Dogrudan Cebirsel Metot, Kompleks Coziumler,
Seyahat Eden Dalga Cozimleri
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1. INTRODUCTION (GIRIS)

The theory of nonlinear dispersive wave motion has recently
undergone much study. We do not attempt to characterize the general
form of nonlinear dispersive wave equations [1 and 2]. Nonlinear
phenomena play a crucial role in applied mathematics and physics.
Furthermore, when an original nonlinear equation is directly
calculated, the solution will preserve the actual physical characters
of solutions [3]. Explicit solutions to the nonlinear equations are of
fundamental importance. Various methods for obtaining explicit
solutions to nonlinear evolution equations have been proposed. Many
explicit exact methods have been introduced in literature [4, 5, 6, 7,
8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23 and 24].
Among them are Generalized Miura Transformation, Darboux
Transformation, Cole-Hopf Transformation, Hirota’s dependent variable
Transformation, the inverse scattering Transform and the Backlund
Transformation, tanh method, sine-cosine method, Painleve method,
homogeneous balance method, similarity reduction method, improved tanh
method and so on. In fact, recently a direct algebraic approach has
been constructed an automated tanh-function method by Parkes and Duffy
[12]. The authors present a Mathematica package that deals with
complicated algebraic and outputs directly the required solutions for
particular nonlinear equations.

2. RESEARCH SIGNIFICANCE (CALISMANIN ONEMi)

In this study, we implemented a direct algebraic method [24]
with symbolic computation to construct new complex solutions for fifth
order KdV equation and (3+1) dimensional Burgers equation.

3. METHOD AND ITS APPLICATIONS (YONTEM VE UYGULAMALART)

Before starting to give a direct algebraic method, we will give
a simple description of the direct algebraic method [24]. For doing
this, one can consider in a two variables general form of nonlinear
PDE

Qﬁhutﬁu,um,ujzo, (1)
and transform Eg. (2.1) with 14x¢)zzd§),§zzﬁ{x—cﬂ and
§zik@—1xy—ﬂz—nt),where k,c,a,f and 1n are real constants. After

transformation, we get a nonlinear ODE for u@j

0 (u,—ikcu iku' —ku",.. .)= 0. (2)
where u@:éz.
dg

The solution of the equation (2) we are looking for is expressed
in the form

U(e)=Y a, (¢ )

m=0
where g‘:ik(x—ct) and §=ik(x—ay—ﬂz—77t), n is a positive integer
that can be determined by balancing the highest order derivate and
with the highest nonlinear terms in equation, a,and & can be
determined. Substituting solution (3) into Eqg. (2) yields a set of

algebraic equations for F™ and @1=0J2r“) then, all coefficients of

F™ have to vanish. After this separated algebraic equation, we could
found coefficients ag,a, andé. P(f) expresses the solution of the
auxiliary ordinary differential equation

F'(&)=b+F?(¢) (4)
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dF

where F':;T— and b 1is a constant. Some of the solutions are

given the paper [24].

In this work, we will consider to complex solution the fifth
order KdV equation and (3+1) dimensional Burgers equation by using the
direct algebraic method which is introduced by Huiqun Zhang [24].

EXAMPLE 1. (ORNEK 1)
Consider fifth order KdV equation,

u, vu, un, +u . Fun g+ =0, (5)
For doing this example, we can use transformation with Eqg. (1)
then Eg. (5) become

—cu'+u'+uu'—k2um—k2uum+k4u6)=0,

(6) When balancing uu"with u’ then gives n=2. Therefore, we may
choose

u=a,+aF+a,F*. (7)
Substituting (7) into Eg. (6) yields a set of algebraic
equations for ay,a;,a,,b and c¢. These systems are finding as

a,b+aga,b—abe—2a,b*k* —2aya,b*k* +16a,b°k* =0,

atb+2a,b+2aya,b—2a,bc —2aib*k* =16a,b*k* —16aya,b*k* +272a,b°k* =0, ,

a, +aya, +3a,a,b—a,c—8a,bk?* —8aya,bk* —18a,a,b*k* +136a,b*k* =0,

al +2a, +2aya, +2a3b—2a,c —8albk? —40a,bk* —40a,a,bk* —16a3b*k*
+1232a,b%k* =0,

3a,a, —6a,k?* —6aya,k* —48a,a,bk? +240a,bk* =0, (8)
2a3 —6alk? —24a,k* —24a,a,k* —40a3bk?* +1680a,bk* =0,

—30a,a,k* +120a,k* =0,

—24a3k* +720a,k* = 0.

From the solutions of the system, we can found

Case 1.

ao=%(3+40bk2),al=0,a2=30k2,c:ﬁ,k¢0. (9)
Case 2.

aoz%%,qzo,a2=%kab=8;2 c=%%§,k¢0. (10)

With the aid of Mathematica substituting (9) and (10) into (7),
we have obtained the following exact complex traveling wave solutions
of equation (5). These solutions are:

Case 1.

. e N
y :%(30+40bk2)+30k2{— N—bTanh \/—bik[x—#t] : (11)

where b<0 and k is an arbitrary real constant.

i e
Uy =%(30+40bk2)+30k2 —~=bCoth \/—bik[x—#tj : (12)

where b<0 and k is an arbitrary real constant.

2
_ 2,4
uy = %(30 +40bk2 )+ 30k2[\/ZTan[\/Zik(x —#t]:ﬂ : (13)
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where b>0 and k is an arbitrary real constant.
2
2,4
u4:%(30+40bk2)+30k2 —ﬁCo{ﬁik[x—#tﬂ : (14)

where b>0 and k is an arbitrary real constant.
2

u5:%+30k2 SN (15)

ik[x 3 t}
2

where b=0 and k is an arbitrary real constant.
Case 2.

2
u6=£2+MM21Filan jiix—z%gt . (16)
11 88 k 88 968

where b>0, k is an arbitrary real constant.

2
2 1 234
y = 230K — | ot (| i x| (17)
11 88 k 88 968
where b>0, k is an arbitrary real constant.

EXAMPLE 2. (ORNEK 2)
Consider (3+1) dimensional Burgers equation,

u, —2uuy, =2vu, =2wu, —uy —u,, —u_, =0,

u, —v, =0, (18)

u, —w, =0.

For doing this example, we can use transformation with Eqg. (1)
then Eg. (18) become

—inu' + 2icuu’ —2ivu' = 2iwu' + ku" + ke *u" + kB u" =0,

u'+av' =0, (19)

—pu'+aw' =0.

When balancing wuwu',vu' and wu' with u" then gives n; =1, when
balancing u' with v' then gives n,=1 and when balancing u' with w'
then gives n3:1 . Therefore, we may choose

u=ay+alrF,

v=>by +bF, (20)
w=cy+cF.
Substituting (20) into Eqg. (19) vyields a set of algebraic

equations for ag,a;,by,b;,¢y,c;. These systems are finding as
—2ia,bb, —2ia,bc, +2iaja,ba —ia,bn =0,
—2ia,bb, —2ia,bc, +2a,bk + 2iatba +2a,bka’* +2a,bkf3? =0,
—2ia\by — 2ia,c, + 2iaya 0 —ia;n =0, (21)
—2ia,b, - 2ia,c, +2a,k +2iata +2a,ka’ +2a,kB* =0,
ab+bbaa=0, a +ba=0, bcja—abf=0, coa-ap=0.
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From the solutions of the system, we can found

ika!1+a2+ 2! 1 ik!1+a2+ 2!
a, = - p , by ==(-2¢, +2aga—1n), b =- - P
l+a’-p 2 l+a” - p (22)
. __ik/)’!l+a2+/;’2!
: —1-a’+p .

With the aid of Mathematica substituting (22) into (20), we have
obtained the following exact complex traveling wave solutions of
equation (18). These solutions are:

. M(_ = bTanh{bik(x—ay - =)

= do 1+a2—ﬂ
v1=%(—200+2a0a—77) ﬂlw—-'-g)( \/_Tanh[\/_zk(x ay—-pz- nt)]) (23)
+a
. 2, p2
“ﬁ:Co—%gg%ggff;)@JtZﬂmhwj&k@—ay—ﬂz—nﬁD

where b<0 and k is an arbitrary real constant.

u2:a0+ﬂl+a—+;)( x/_Coth[\/_lk(x ay—pz— Ut)])

1+a?

vz:%(—2c0+2a0a—77) ﬂ“a—’?)( J=bCom=bik(x-ay-pz-n))  (24)

1+a?
. 2, p2
W2:co_ﬁ€%§§7{é?)Fvczcmhwj&k@—ay—ﬁz—ﬁﬂD

where b<0 and k is an arbitrary real constant.

Uy =a +MHO[2—;ﬂ2)(x/ZTan[x/Zik(x—ay—ﬂz—m)])

0
l+a’ -

vy =220y 20 n)- MW e iy 2 o) (25)

l+a’-p

kOl+a” +

Wy =co— ﬂOl—ﬂ)(x/_Tan[x/_zkx ay-pz- nt)])
—-l-a"+p

where b>0 and k is an arbitrary real constant.

+@:}{0‘2—+/’ﬂ)(_\/zcot[\/3ik(x—ay—ﬂz—’ﬂ)])

u4 :ao 2 _ﬁ
: 2 2
vy :%(—200 +2a0a—n)—ﬂllizz—j’;)(—\/ZCot[\/Zik(x—ay—ﬁz—nt)D (26)
. 2 2
w4:co—%ﬁﬁig7i£1)kvg&ﬂpak@—ay—ﬂz—nﬁD
—-l-a"+p

where b>0 and k is an arbitrary real constant.

4. CONCLUSION (SONUC)

In this paper, we implemented a direct algebraic method [24]
with symbolic computation to construct new exact complex solutions for
fifth order KdV equation and (3+1) dimensional Burgers equation. The
method can be used to many other nonlinear equations or coupled ones.
In addition, this method is also computerizable, which allows us to
perform complicated and tedious algebraic calculation on a computer.
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