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Heis3 LORENTZIAN HEISENBERG GRUBUNDA BİMİNİMAL EĞRİLER VE YÜZEYLER 

 

 ÖZET 

 Bu makalede, Heis3 Lorentzian Heisenberg grubunda biminimal eğriler ve 

yüzeyler çalışıldı. Lorentzian Heisenberg grubunda non geodezik biminimal 

eğriler karakterize edildi ve biminimal yüzeyler için yeni bir örnek 

oluşturuldu. 

 Anahtar Kelimeler: Heisenberg Grup, Biminimal Eğri,  

     Biminimal Yüzey, Lorentzian Metrik, Biminimallik 

 

BIMINIMAL CURVES AND SURFACES OF THE LORENTZIAN HEISENBERG GROUP Heis3 

 

 ABSTRACT 

 In this paper, we study biminimal curves and surfaces in the Lorentzian 

Heisenberg group Heis3. We characterize non-geodesic biminimal curves and 

construct new example of biminimal surfaces of the Lorentzian Heisenberg group 

Heis3. 

 Keywords: Heisenberg Group, Biminimal Curve,  

          Biminimal Surface, Lorentzian Metric, Biminimality 
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 1. GİRİŞ (INTRODUCTION) 

 Recently, important progress has been made in the study of both the 

geometry and the analytic properties of biharmonic maps. In differential 

geometry, a special attention has been payed to the study of biharmonic 

submanifolds, i.e. submanifolds such that the inclusion map is a biharmonic 

map. 

 In [1] the authors found new examples of biharmonic maps by conformally 

deforming the domain metric of harmonic ones. In this vein, new examples of 

biharmonic maps between the n-dimensional Euclidean sphere and the (n+1)-

dimensional sphere endowed with a special metric, conformally equivalent to the 

canonical one, were constructed in [4], while in [2] the author analyzed the 

behavior of the biharmonic equation under the conformal change of metric on the 

target manifold of harmonic Riemannian submersions. Moreover, in [5] the author 

gave some extensions of the results in [2] together with some further 

constructions of biharmonic maps. 

 Let ),(),(: hNgMf   be a smooth map between two Lorentzian manifolds. 

The bienergy )(2 fE  of f  over compact domain M  is defined by 

        ,,=2 gdvffhfE   

where   dff gtrace=  is the tension field of f  and gdv  is the volume form of 

M . Using the first variational formula one sees that f  is a biharmonic map 
if and only if its bitension field vanishes identically, i.e., 

 0,=))(,(trace))((:=)(2 dffdfRff N

g

f    (1.1) 

where 

  f

M

ff

g

f

g

f


 trace=)(trace= 2

 

is the Laplacian on sections of the pull-back bundle )(1 TNf 
 and 

NR  is the 

curvature operator of ),( hN  defined by 

 .],[=),( ], ZZZYXR YXYX   (1.2) 

 

An isometric immersion ),(),(: hNgMf   is called a biminimal immersion 

if it is a critical point of the bienergy functional 2E  with respect to all 

normal variation with compact support. Here, a normal variation means a 

variation }{ tf  through 0= ff  such that the variational vector field 

0=|/= tt dtdfV  is normal to .M  

The Euler-Lagrange equation of this variational problem is 0=)(2

f . 

Here 
)(2 f  is the normal component of ).(2 f  

An isometric immersion NMf :  is called a  biminimal immersion if 

it is a critical point of the functional: 

 .,)()(=)( 22, R  fEfEfE  (1.3) 

 

The Euler-Lagrange equation for  biminimal immersions is 

 ).(=)(2 ff  
 (1.4) 

We know that an immersion free biminimal if it is biminimal for 0=  
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[3]. In the instance of an isometric immersion NMf : , the biminimal 

condition is 

 0,=]),( HHH  dfdftraceR N
 (1.5) 

where H = NH  its mean curvature vector and H  the mean curvature function. 

On the other hand, in [5], E. Loubeau and S. Montaldo introduced the 

notion of biminimal immersion. 

 

Proposition 1.1. [5] Let 
1:  nn NMf  be an isometric immersion of 

codimension-one and H  = NH  its mean curvature vector. Then is f  is 

biminimal if and only if: 

 ,))(||(||= 2 HRicciBHM
N  (1.6) 

where B  the second fundamental form of , N  a unit normal vector field to 

)(Mf  N  and   H  = NH  its mean curvature vector field of f  (H  the mean 

curvature function). 

An isometric immersion f  ),(),(: hNgM   is said to be biminimal if it 

is a critical point of the bienergy functional under all normal variations. 

Thus the biminimality is weaker than biharmonicity for isometric immersions, in 

general. 

 

 2. RESEARCH SIGNIFICANCE (ÇALIŞMANIN ÖNEMİ) 

 In this paper, we study biminimal curves and surfaces in the Lorentzian 

Heisenberg group Heis3 and we characterize non-geodesic biminimal curves and 

construct new example of biminimal surfaces of the Lorentzian Heisenberg group 

Heis3. 

 

 3. Heis3 HEİSENBERG GRUBUNDA SOL İNVARİANT LORENTZİAN METRİK   

   (LEFT INVARIANT LORENTZIAN METRIC IN HEISENBERG GROUP  

   Heis3) 

 The Lorentzian Heisenberg group Heis3 can be seen as the space 
3R  

endowed with the multiplication 

 ).,,(=),,)(,,( yxyxzzyyxxzyxzyx   (3.1) 

 Heis3 is a three-dimensional, connected, simply connected and 2-step 

nilpotent Lie group. 

The Lorentz metric g  is given by 

 .)(= 222 dzxdydydxg   (3.2) 

where 

 dxdyxdydz =,=,= 321    

is the left-invariant orthonormal coframe associated with the orthonormal left-

invariant frame, 

 
x

e
z

x
y

e
z

e
















=,=,= 321 . (3.3) 

The corresponding Lie brackets are 

 

       0=,=,,2=, 2131132 eeeeeee  

with 

 1.=),(1,=),(=),( 332211 eegeegeeg  
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 Proposition 3.1. For the covariant derivatives of the Levi-Civita 

connection of the left-invariant metric g , defined above, the following 

is true: 

 ,

0

0

0

=

12

13

23





















ee

ee

ee

 

where the ),( ji -element in the table above equals j
i

e e  for our basis 

 }.,,{=1,2,3}=,{ 321 eeekek  

We adopt the following notation and sign convention for Riemannian curvature 

operator. 

 .=),( ], ZZZZYXR YXXYYX   

The Riemannian curvature tensor is given by 

 ).,),((=),,,( WZYXRgWZYXR  

Moreover we put 

 ),,,,(=,),(= dcbaabcdcba eeeeRReeeRRabc  

where the indices dcba ,,,  take the values 1,2 and 3. 

,=,=,= 112231312121 eReReR   

,3=,=,3= 223311333232 eReReR   

and 

 3.=1,=1,= 232313131212 RRR   (3.4) 

 

4. Heis3 LORENTZIAN HEISENBERG GRUBUNDA BİMİNİMAL EĞRİLER 

   (BIMINIMAL CURVES IN LORENTZIAN HEISENBERG GROUP Heis3) 

Let 
3: HeisI   be a timelike curve on Lorentzian Heisenberg group Heis3 

parametrized by arc length. Let },,{ BNT  be the Frenet frame fields tangent to 

Lorentzian Heisenberg group 
3Heis  along   defined as follows: T  is the unit 

vector field 
'  tangent to  , N  is the unit vector field in the direction of 

TT  (normal to  ), and B  is chosen so that },,{ BNT  is a positively oriented 

orthonormal basis. Then, we have the following Frenet formulas: 

 kNTT =  

 BkTNT  =  (4.1) 

 ,= NBT   

where ||=|)(=| Tk T  is the curvature of   and   is its torsion. With respect 

to the orthonormal basis },,{ 321 eee  we can write  

 ,= 332211 eTeTeTT   

 ,= 332211 eNeNeNN   

 .== 332211 eBeBeBNTB   
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 Theorem 4.1. Let 
3: HeisI   be a non-geodesic timelike curve on 

Lorentzian Heisenberg group Heis3 parametrized by arc length. Then   is 
a timelike non-geodesic biminimal curve if and only if 

 ),4(1= 2

1

23 Bkkkk ''    

 .2=2 11BkNkk ''    

 

Proof. Using (1.1) we have 

 TNTkRTT ),(=)( 3

2   

 .),()(2)()3(= 23 TNTkRBkkNkkkTkk '''''    

 

From the vanishing of the normal components of )(2   we get  

 0,=),,,(23 NTNTkRkkk ''    (4.2) 

 0.=),,,(2 BTNTkRkk ''    

 

Since 0k  by the assumption that is non-geodesic. A direct computation 

using (3.4) yields 

 ,41=),,,( 2

1BNTNTR   

and 

 112=),,,( BNBTNTR  

these, together with (4.2), complete the proof of the theorem. 

 

 5. EXAMPLE OF BIMINIMAL SURFACES IN THE LORENTZIAN HEISENBERG GROUP Heis³ 

    (Heis³ LORENTZIAN HEISENBERG GRUBUNDA BİMİNİMAL YÜZEY ÖRNEKLERİ) 

Let 
3: Heis   

2R  be the projection ),,( zyx   ),( yx . At a point 

),,(= zyxp 3Heis  the vertical space of the submersion   is pV  

   1== espandKer p  and the horizontal space is  32 ,= eespanH p . We have that 

the non zero covariant derivatives of the left invariant vector fields are: 

,=,=0,= 23
1

32
1

1
1

eeeee eee   

,=0,=,= 13
2

2
2

31
2

eeeee eee   

0.=,=,= 3
3

12
3

21
3

eeeee eee   

 

Now let  ))(),((=)( tytxt  be a curve in 
2R  parametrized by arc length with 

signed curvature k  and consider the  flat cylinder )(= 1  S  in 
3Heis . Since 

the left invariant vector fields are orthonormal, the vector fields 

 12321 =,= eEexeyE ''   (5.1) 

give an orthonormal frame tangent to S  and 

 23= exeyN ''   (5.2) 

is a unit normal vector field of S  in 
3Heis . 

We now that the second fundamental form B  of the surface )(= 1  S , 

which is given by: 
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 (5.3) 

 

From the expression of B  we see that /2=)/2(trace= kBH  and that 

2=|||| 22 kB . 

To write down the biminimality condition for S, we need to compute 

Ricci( N ). For this, let us first recall that the non-zero components of the 

Riemann tensor of 
3Heis  with respect to the left invariant vector fields are: 

 1,=),,,(= 21211212 eeeeRR  

 1,=),,,(= 31311313 eeeeRR  

 3.=),,,(= 32322323 eeeeRR  

 

Then 

 ),,,(),,,(=)(Ricci 2211 NENERNENERN   

 1313

2

1212

2

2323

222 )()())()((= RyRxRyx ''''   

 2.=  

 

Thus, from (1.6), S  is biminimal if and only if 

 ,))(||(||= 2 HNRicciBH   (5.4) 

and using the computations, if and only if 

 0.=3kk ''   (5.5) 

 

 The picture of k  can given as follows: 
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